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͜ͷӡಈํఔࣜҎ֎ʹɼ߶ମΛճసͤ͞ΔݪҼͰ͋ΔྗͷϞʔϝϯτͷେ͖͕͞ Fa Ͱ͋Δ͜ͱɼ͓

ΑͼͦΕΛ͏ͱ͜ͷ߶ମͷճసͷӡಈํఔ͕ࣜ

Iϕ̈ = Fa (10.3.3)

Γཱͭɽ͜͜Ͱ ϕ ࠷ॳͷঢ়ଶ͔Βଌͬͨɼ߶ମͷճసΛද֯͢Ͱ͋Δɽ·ͨɼਤΑΓ߶ମ͕ࣼ

໘ʹԊͬͯਐΜͩڑ x ͱɼ߶ମͷճస֯ ϕ ͷؒʹ x = aϕ ͷ͕ؔ͋Δ͜ͱΘ͔Δɽ

͜͏ͯ͠ಘΒΕͨࣼ໘ํͷӡಈํఔࣜɾճసͷӡಈํఔ͓ࣜΑͼ xͱ ϕ ͷؔࣜΛ͏ͱ ẍ 

g,M, θ, I Λͯͬ

ẍ =
M

M + I
a2

g sin θ (10.3.4)

͕ಋ͚Δɽʢˠ॓ʣ͜ͷ݁Ռٿɾԁபɾ֪ٿɾԁப֪ͷੑ׳ϞʔϝϯτͷΛೖ͢ΕͦΕͧΕͷ

߹ͷՃ͕ٻ·Δɽ3 ·ͨɼຎ͕ࡲͳ͍߹ʹ͖ θ ͷࣼ໘ΛΔ࣭ͷՃٻΊɼൺֱ͢Δ͜

ͱՄͰ͋Δɽ

10.4 ๏ʢϑϩʔνϟʔτʣࢉܭϞʔϝϯτͷੑ׳ɿ࿈ଓମͷߟࢀ

Λۤखͱ͢Δਓଟ͍͕ɼͦΜͳʹ͍ͨͨ͜͠ͱͰͳ͍ɽΑ͏ࢉܭϞʔϝϯτͷੑ׳

ඍখ࣭ྔ dm ͱͦͷඍখ࣭ྔ͔Βճస࣠·Ͱͷڑ R(r)

ΛٻΊɼ্ͷදʹ͋Δఆٛʹैͬͯੵ͢Δ͚ͩͰ͋Δɽ ͦ͜Ͱ࣮ࡍʹ

1. ඍখ࣭ྔΛٻΊΔ

2. ճస࣠·ͰͷڑΛٻΊΔ

3. ੵ͢Δ

ͱ͍͏ 3ͭͷεςοϓʹ͚ͯઆ໌͠Α͏ɽ

Ϟʔϝϯτ͕ੑ׳Ϟʔϝϯτͷྫʹॻ͍͕ͨɼԁபͱബ͍ԁ൘ͱͰͲͪΒੑ׳3 I = 1
2Ma2 ͱͳΔɽͳͥಉ͡ͳͷ

Έͯཉ͍͠ɽͯ͑ߟ͔
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εςοϓ̍ɿඍখ࣭ྔΛٻΊΔ

ʹΘͬͨΑ͏ڭͰߍΊΑ͏ɽதֶ࢝ຊ͔Βجຊதͷج

ʢ࣭ྔʣʹʢີʣʷʢମੵʣ

Ͱ͋ΔɽࣜͰॻ͚ M Λ࣭ྔ, ρ ΛີɼV Λମੵͱͯ͠

M = ρ× V (10.4.1)

Ͱ͋Δɽͨͩ͠ମॴʹΑͬͯೱ͔ͬͨΓബ͔ͬͨΓ͢Δ͔͠Εͳ͍͔ΒɼҰൠతʹີ ρ(r)

ͱ͓͖ͯͩ͘͠Ζ͏ɽͭ·ΓҐஔϕΫτϧ r = (x, y, z) Ͱࢦఆ͞ΕΔ (x, y, z)ʢҐஔϕΫτϧͷઌ

Δͱ͜Ζʣͷີ͕͍ͯ͠ࢦ͕ ρ(r) = ρ(x, y, z) ͱ͍͏͜ͱͰ͋Δɽ

ʹ࣍ (x, y, z) ͷपลʹͱͯখ͍͞ྖҬΛͯ͑ߟɼͦͷମੵΛ dV ͱ͠Α͏ɽͦͷྖҬ͕ඇৗʹখ

͍͞ͳΒɼͦͷதͰີ΄ͱΜͲมΘΒͳ͍͔ͣͩΒɼͦͷྖҬͷ࣭ྔʮີʷମੵʯͱͯࠩ͠

ͳ͍ͩΖ͏ɽͭ·Γ͑ࢧ͠

dm = ρ(r) dV (10.4.2)

Ͱ͋Δɽ͠߶ମͷશ࣭ྔ M ΛٻΊ͚ͨΕ͜ͷྔΛ߶ମશମʹΘ্ͨͬͯ͛͠Δɼͭ·Γੵ͢

ΕΑ͘

M =

∫

߶ମશମ
dm =

∫

߶ମશମ
ρ(r) dV (10.4.3)

ͱ͢ΕΑ͍ɽͱ͜ΖͰ͜ͷࢉܭΛ͢Δͱ͖߶ମͷܗঢ়ʹΑͬͯศརͳ࠲ඪΛબͼ

• σΧϧτ࠲ඪͰ dV = dxdydz

• ඪͰ࠲ۃݩ࣍3 dV = r2 sin θdrdθdϕ

• ඪͰ࠲ԁபݩ࣍3 dV = rdrdθdz

ͷΑ͏ʹҟͳΔඍখମੵૉΛ͜͏ͱʹͳΔɽ4

͜͜Ͱҙ͠ͳ͚ΕͳΒͳ͍ͷɼ߶ମͷܗʹΑͬͯɼҧ͏ີΛ͍ͯͬΔՄੑ͕͋Δ͜ͱͰ

͋Δɽͱ͍͏ͷɼ͜͜·Ͱʮີʯͱͯ͠

ີ =୯Ґମੵ͋ͨΓͷ࣭ྔ =
࣭ྔ M

ମੵ V
(10.4.4)

Ͱఆٛ͞ΕΔମੵີΛ͖ͨͯͬɽ5 ͔͠͠ମͷܗʹΑͬͯʮ୯Ґ໘ੵ͋ͨΓͷ࣭ྔʯʮ୯Ґ

͋ͨ͞Γͷ࣭ྔʯͷํ͕ॏཁͳ͜ͱଟ͍ɽྫ͑ಋઢΛͯ͑ߟΈͯཉ͍͠ɽಋઢΛ 2m ങ͏ͱ͍͏ͷ

Θ͔Δ͕ɼಋઢΛ 2m3 ങ͏ͱ͍͏ͷ͋·Γฉ͍ͨ͜ͱ͕ͳ͍ɽͪΖΜಋઢͷஅ໘ੵ͕Θ͔͍ͬͯ

Ε͞ͱֻ͚ͯମੵग़ͤΔ͕ɼԿ͔໘ͩɽ͕ͬͪ͜ചΔଆͰͦΜͳ͜ͱΛͯͬ͘ݴΔ٬͕དྷͨΒ

ுΓ͔͢ԥΓ͔ͨ͘͢͠ͳΔɽͲͬͪͷํ͕ޮՌతʹͤΔ͔ͱ͔͘ɼಋઢͷΑ͏ͳࡉ͍

ମʹؔͯ͠ 1cm ͋ͨΓͲͷ͘Β͍ͷॏ͞ͳͷ͔ͱ͔ɼ1m ͋ͨΓ͍͘Βͳͷ͔ͱ͍ͬͨʮ୯Ґ͋͞
4ͳͥ͜͏ͳΔͷ͔ɼ͜ΕΛٻΊΔͷʹ͏ϠίϏΞϯͱԿͳͷ͔ʹ͍ͭͯཧֶͷʮॏੵʯͰհ͞ΕΔͱ͏ࢥɽ
5Λ؆୯ʹ͢ΔͨΊʹີҰఆͱ͍ͯ͠Δɽ
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ͨΓͷྔʯ͕ॏཁͳͷͩɽ͜ͷʮ୯Ґ͋ͨ͞Γͷ࣭ྔʯͷ͜ͱΛઢີͱ͍͏ɽҰ༷ͳମʢͲ͜Ͱ

ۉҰͰɼΪϡοͱ٧·͍ͬͯΔͱ͜ΖεΧεΧͷͱ͜Ζ͕ͳ͍ମʣͳΒ

ઢີ λ =୯Ґ͋ͨ͞Γͷ࣭ྔ =
࣭ྔ M

ମͷ͞ L
(10.4.5)

Ͱ͋Δɽ

ઢີʹٯ λ(x) ͕༩͑ΒΕ͍ͯͯɼ͔ͦ͜Βશ࣭ྔΛٻΊ͚ͨΕඍখ࣭ྔΛମʹԊͬͯੵ͢

ΕΑ͍ɽ͜ͷ߹ɼҐஔ x ʹ͓͚ΔઢີΛ λ(x) ͱ͢Δͱͦͷۙ͘͘͝͝ͰઢີҰఆͱݟ

ͳͤΔͩΖ͏͔Βɼͦͷۙʢx͔Β x+ dxͷลΓʣͷඍখͳ͞ dx ͷ࣭ྔ

dm = λ(x)dx (10.4.6)

ͱͳΔͣͰ͋Δɽ͜͜ͰମʹԊͬͯ x ࣠Λுͬͯ͋Δͱͨ͠ɽ͋ͱ͜ΕΛ

M =

∫ L

0
λ(x)dx (10.4.7)

ͷΑ͏ʹମʹԊͬͯੵ͢Εશ࣭ྔ͕ٻ·Δɽ͜͜Ͱମ x = 0 ͔Β x = L ·Ͱ৳ͼ͍ͯΔ

ͷͱͨ͠ɽ

ฏ͍ͬͨ൘ͷΑ͏ͳܗΛͨ͠ͷಉ༷Ͱɼ͜ͷ߹ʮ୯Ґ໘ੵ͋ͨΓͷྔʯ͕ॏཁʹͳΔɽ1m2

͋ͨΓԿ kgͳͷ͔ɼͱ͔Ͱ͋Δɽ6ʮ୯Ґ໘ੵ͋ͨΓͷ࣭ྔʯ໘ີͱ͍͍ɼҰ༷ͳମͳΒ

໘ີ σ =୯Ґ໘ੵ͋ͨΓͷ࣭ྔ =
࣭ྔ M

ମͷ໘ੵ S
(10.4.8)

ͰٻΊΔ͜ͱ͕Ͱ͖Δɽ

໘ີʹٯ σ(x, y) ͕༩͑ΒΕ͍ͯΔͳΒɼ (x, y) ʹ͓͚Δີ͕ σ(x, y) ͱ͍͏͜ͱ͕ͩɼͦͷ

ͷۙ͘͘͝ʹඍখͳྖҬΛ͑ߟɼͦͷ໘ੵΛ dS ͱ͢Εͦͷඍখ෦ͷ࣭ྔ

dm = σdS (10.4.9)

Ͱٻ·Δɽ͜ΕΛମશମʹΘͨͬͯੵ͢Εશ࣭ྔ͕

M =

∫

ମͷ໘ੵ
σdS (10.4.10)

ͷΑ͏ʹٻ·Δɽ͜͜Ͱ dS ࠲ඪ͝ͱʹҧ͍ͬͯͯɼ

• σΧϧτ࠲ඪͰ dS = dxdy

• ඪͰ࠲ۃݩ࣍2 dS = rdrdθ (rɿಈܘɼθɿ֯)

Ͱ͋Δɽ

6ฏ͍ͬͨͷͱ͑ݴώϥϝͷ୯Ґ໘ੵ͋ͨΓͷ࣭ྔͲͷ͘Β͍ͳͷͩΖ͏ɽΧϨΠͱಉ͘͡Β͍ͩΖ͏͔ɽϚϯϘ

ͰͲ͏ͩΖ͏ɽͲ͏Ͱ͍͍͕ɼϚϯϘΛਖ਼໘͔Β͍ͨݟͱ͏ࢥͷԶ͚ͩͰ͋Δ·͍ɽ
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εςοϓ̎ɿඍখ෦͔Βݻఆ࣠·ͰͷڑΛٻΊΔ

࣮͜ͷ෦͕ੑ׳ϞʔϝϯτͷࢉܭͷΩϞ͔͠Εͳ͍ɽͨݟ͚͔ͩΒ͏ݴͱੑ׳Ϟʔϝϯτͷ

͏Δ͚͔ͩͩΒ͋·Γ಄Λ͢ࢉܭͯͬैʹΔ͕ɼ͋Εଋ͑ݟॏੵͷͱ͜Ζ͕Ұ൪͘͠ࢉܭ

ඞཁ͕ͳ͍ͷͩɽͦΕʹҾ͖͑ɼ͜ͷεςοϓͷࢉܭཱମͷదͳஅ໘Λ͑ߟͳ͚ΕͳΒͣɼ

ϞʔϝϯτͳͲʣɽੑ׳Δʢྫ͑ԁபͷɼத৺Λ௨Βͳ͍Α͏ͳ࣠पΓͷ͕͢ؾΛ͔͘Α͏ͳ͕

Δ߶ମத͍ͯ͑ߟͱʹ͠Α͏ɽҎԼͰ͜͏Ұൠ͕ͳ͍ͷͰɼ۩ମྫΛʹࢉܭ೦ͳ͕Β͜ͷ

ͷҙͷΛ P ͱ͍ͯ͠ΔɽඞͣࣗͰਤΛඳ͖ͳ͕ΒಡΜͰΈΔ͜ͱɽ

ྫ 1: ࣭ྔ M , ܘ a ͷेബ͍൘ͷத৺Λ௨Γ൘ʹਨͳݻఆ࣠

→ P ͷ͔࣠Βͷڑ rɽΑͬͯ R = rɽ

ྫ 2: ࣭ྔ M , ܘ a, ͞ߴ h ͷԁபͷத৺Λ௨Γԁபʹฏߦͳݻఆ࣠

→ P ͷ͔࣠Βͷڑؔʹ͞ߴͳ͘ rɽΑͬͯ R = rɽ

ྫ 3: ࣭ྔ M , ܘ a ͷ͍ࡉԁྠͷத৺Λ௨Γԁʹਨͳݻఆ࣠

→ ԁྠͷܘ a ͰɼP વྠͷ্ɽΑͬͯ R = a

ྫ 4: ࣭ྔ M , ܘ a ͷٿͷத৺Λ௨Δݻఆ࣠

→ P(x, y, z)࠲ۃඪͰ (r sin θ cosϕ, r sin θ sinϕ, r cos θ)Ͱද͞ΕΔɽ z ࣠Λճస࣠ͱ͢Δͱʢٿ

Ͱ͋Εx, y, z࣠ͷͲΕΛճస࣠ʹͱͬͯ݁Ռ͕มΘΒͳ͍ͷ໌Β͔ʣɼͦ ͷڑ R = r sin θ.

ྫ 5: ࣭ྔ M , ܘ a ͷബ͍֪ٿʢத͕͔ΒͬΆͷٿʣͷத৺Λ௨Δݻఆ࣠

→ P ܘ a ͷٿͷද໘্ɽΑͬͯલΛͯͬR = a sin θɽ

ྫ 6: ࣭ྔ M , ͞ 2a ͷ͍ࡉͷதΛ௨Γʹਨͳݻఆ࣠

→தΛݪͱͯ͠ʹԊͬͯ x࣠ΛுΔɽ໌ Β͔ʹ࠲ඪ xʹ͋Δ Pͱճస࣠ͱͷڑ R = |x|ɽ

εςοϓ̏ɿੵ͢Δ

͜ͷεςοϓͰॏੵΛ͠ͳ͚ΕͳΒͳ͍͜ͱ͕ଟ͍ͷͰϏϏͬͯ͠·͏ਓଟ͍ͩΖ͏ɽ͔͠

͠ɼ࣮͜ͷεςοϓ͕Ұ൪ػցతͳͷͰָͳͷͰ͋Δɽੵͱ͍͏ԋࢉͦͷ͘Β͍ߴͳಓ۩ͩͱ

͍͏͜ͱͩɽϚελʔ͠ͳ͍ͳΜͯબࢶ͋Γಘͳ͍ɽ͜͜Ͱεςοϓ̎Ͱ͋͛ͨྫΛ࣮͠ࢉܭࡍ

ͯΈΑ͏ɽ

ྫ 1: ࣭ྔ M , ܘ a ͷेബ͍൘ͷத৺Λ௨Γ൘ʹਨͳ࣠पΓͷੑ׳Ϟʔϝϯτ

→ ໘ঢ়ͷ߶ମͳͷͰ໘ີΛ͑ߟΔͱ σ =
M

πa2
ɽ

ඍখ࣭ྔ͜ͷ σ Λͯͬ dm = σdS = σrdrdθʢԁܗͳͷͰ ʣɽͨͬඪΛ࠲ۃݩ࣍2
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P ͷ͔࣠Βͷڑ R = r ͳͷͰ

I =

∫
dmR2 =

∫
σrdrdθ r2 =

∫
σr3drdθ

= σ

∫ a

0
r3dr

∫ 2π

0
dθ =

M

πa2
· 1
4
a4 · 2π =

1

2
Ma2 (10.4.11)

ྫ 2: ࣭ྔ M , ܘ a, ͞ߴ h ͷԁபͷத৺Λ௨Γԁபʹฏߦͳ࣠पΓͷੑ׳Ϟʔϝϯτ

→ ঢ়ͷମͰத͕٧·͍ͬͯΔͷͰମੵີΛ͑ߟΔͱ ρ =
M

πa2h
ɽ

ඍখ࣭ྔ͜ͷ ρ Λͯͬ dm = ρdV = ρrdrdθdz ʢঢ়ͳͷͰ ʣɽͨͬඪΛ࠲ԁபݩ࣍3

P ͷ͔࣠Βͷڑؔʹ͞ߴͳ͘R = r ͳͷͰ

I =

∫
dmR2 =

∫
ρrdrdθdz r2 =

∫
ρr3drdθdz

= ρ

∫ a

0
r3dr

∫ 2π

0
dθ

∫ h

0
dz =

M

πa2h
· 1
4
a4 · 2π · h =

1

2
Ma2 (10.4.12)

ྫ 3: ࣭ྔ M , ܘ a ͷ͍ࡉԁྠͷத৺Λ௨Γԁʹਨͳ࣠पΓͷੑ׳Ϟʔϝϯτ

→ ྠঢ়ͷ Δͱ͑ߟମͳͷͰઢີΛݩ࣍1 λ =
M

2πa
ɽ

ඍখ࣭ྔ͜ͷ λ Λͯͬ dm = λdx ʢྠʹԊͬͯ x ࣠Λऔͬͨʣɽ

P ͔Β࣠·Ͱͷڑ R = a ͳͷͰ

I =

∫
dmR2 =

∫ 2πa

0
λdx a2 =

M

2πa
· 2πa · a2 = Ma2 (10.4.13)

ྫ 4: ࣭ྔ M , ܘ a ͷٿͷத৺Λ௨Δ࣠पΓͷੑ׳Ϟʔϝϯτ

→ Δͱ͑ߟΔͷͰମੵີΛ͍ͯͬ·ঢ়ͷମͰத͕٧ٿ ρ =
M

4
3πa

3
ɽ

ඍখ࣭ྔ͜ͷ ρ Λͯͬ dm = ρdV = ρr2 sin θdrdθdϕ ʢٿঢ়ͳͷͰ ʣɽͨͬඪΛ࠲ۃݩ࣍3

P ͷ͔࣠Βͷڑ R = r sin θ ͳͷͰ

I =

∫
dmR2 =

∫
ρr2 sin θdrdθdϕ(r sin θ)2 =

∫
ρr4 sin3 θdrdθdϕ

= ρ

∫ a

0
r4dr

∫ π

0
sin3 θdθ

∫ 2π

0
dϕ =

M
4
3πa

3
· 1
5
a5 · 4

3
· 2π =

2

5
Ma2 (10.4.14)

͜͜Ͱ sin 3θ = 3 sin θ − 4 sin3 θ ΑΓ

∫ π

0
sin3 θdθ =

∫ π

0

(
3

4
sin θ − 1

4
sin 3θ

)
dθ =

[
−3

4
cos θ +

1

12
cos 3θ

]π

0

= · · · = 4

3
(10.4.15)

Λͨͬɽ

ྫ 5: ࣭ྔ M , ܘ a ͷബ͍֪ٿʢத͕͔ΒͬΆͷٿʣͷத৺Λ௨Δ࣠पΓͷੑ׳Ϟʔϝϯτ

ղ͖ํͦͷ̍
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→ Δͱ͑ߟঢ়͕ͩബ͍֪͔͠ͳ͍ͷͰฏ͍ͬͨମͱಉ༷ʹ໘ີΛٿ σ =
M

4πa2
ɽ

ඍখ࣭ྔ͜ͷ σ Λͯͬ dm = σdS = σa2 sin θdθdϕ ʢٿͷද໘Λද͢ඍখ໘ੵૉΛͨͬʣɽ

P ͷ͔࣠Βͷڑ R = a sin θ ͳͷͰ

I =

∫
dmR2 =

∫
σa2 sin θdθdϕ(a sin θ)2 =

∫
ρa4 sin3 θdrdθdϕ

= ρa4dr

∫ π

0
sin3 θdθ

∫ 2π

0
dϕ =

M

4πa2
· a4 · 4

3
· 2π =

2

3
Ma2 (10.4.16)

ղ͖ํͦͷ̎

ྫ 4ͷΛԠ༻͠ɼ֎ܘ a, ܘ b ͷٿΛ͑ߟΔɽͭ·Γྫ 4ͷٿͰɼͦͷத৺͔Βܘ b

ͷٿΛ͘Γ͵͍ͨͷΛ͑ߟɼޙ࠷ʹ b → a ͷݶۃΛऔΔ࡞ઓͰ͋Δɽ͜ͷ߹ɼີ͕

ρ =
M

4
3π(a

3 − b3)
(10.4.17)

ͱͳΔ͜ͱͱɼr ͷੵൣғ͕ 0 ͔Β a Ͱͳ͘ b ͔Β a ·ͰʹͳΔ͜ͱʹؾΛ͚ͭΕΑ͍ɽ

Αͬͯ·ͣް͞ a− b ͷްΈ͕͋Δ֪ٿͷੑ׳Ϟʔϝϯτ

I =

∫
dmR2 =

∫
ρr2 sin θdrdθdϕ(r sin θ)2 =

∫
ρr4 sin3 θdrdθdϕ

= ρ

∫ a

b
r4dr

∫ π

0
sin3 θdθ

∫ 2π

0
dϕ =

M
4
3π(a

3 − b3)
· 1
5
(a5 − b5) · 4

3
· 2π (10.4.18)

=
2

5
M

a5 − b5

a3 − b3
(10.4.19)

ͱٻ·ΔͷͰɼްΈͷͳ͍֪ٿͷੑ׳Ϟʔϝϯτ

lim
b→a

2

5
M

a5 − b5

a3 − b3
= lim

b→a

2

5
M

(a− b)(a4 + a3b+ a2b2 + ab3 + b4)

(a− b)(a2 + ab+ b2)
(10.4.20)

=
2

5
M

5a4

3a2
=

2

3
Ma2. (10.4.21)

ྫ 6: ࣭ྔ M , ͞ 2a ͷ͍ࡉͷதΛ௨Γʹਨͳ࣠पΓͷੑ׳Ϟʔϝϯτ

→ ঢ়ͷ Δͱ͑ߟମͳͷͰઢີΛݩ࣍1 λ =
M

2a
ɽ

ඍখ࣭ྔ͜ͷ λ Λͯͬ dm = λdx ʢʹԊͬͯ x ࣠Λऔͬͨʣɽ

ͷதΛ x ࣠ͷݪͱ͢Δͱ P ͔Β࣠·Ͱͷڑ R = |x| ͳͷͰ

I =

∫
dmR2 =

∫ a

−a
λdx |x|2 = 2λ

∫ a

0
x2dx = 2 · M

2a
· 1
3
a3 =

1

3
Ma2. (10.4.22)

ଞʹฏ࣠ߦͷఆཧബ൘ͷަ࣠ͷఆཧΛ͏ͱ؆୯ʹٻΊΒΕΔੑ׳Ϟʔϝϯτ͋ΔɽͲͷྗ

ֶͷूʹ͍ͯͬࡌΔͷͰɼࣗͰ͍Ζ͍ΖͨͬͯΈͯ΄͍͠ɽ͍ͭͰͱͯͬݴԿ͕ͩɼͤͬ

͔͘ͷػձͳͷͰֶͷूʹ͋ΔॏੵͷʹͨͬͯΈΔͱΑ͍ͱ͏ࢥɽ


