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10.1 ͡Ίʹɿ

• ྗͷϞʔϝϯτʹΑͬͯɼ֯ӡಈྔ͕ؒ࣌มԽ͢Δ ˠ ճసͷӡಈํఔࣜ
dL

dt
= N

• ࣭ྔͷΑ͏ͳɼճసӡಈΛʮมԽͤ͞ʹ͘͘͢Δʯཧྔ ˠ Ϟʔϝϯτੑ׳

• Ϟʔϝϯτ͕Ұఆͷ߹ɼճసͷӡಈํఔࣜੑ׳ I
d2θ

dt2
= N

• ม͠ܗͳ͍ͱཧԽ͞Εͨମ = ߶ମ

• ԁٿͳͲɼରশੑͷ͍ߴ߶ମੑ׳ϞʔϝϯτΛʢίϯϐϡʔλʔΛΘͣʹʣࢉܭͰ͖Δ

• ߶ମ͕ӡಈ͢Δͱճస͏͜ͱ͕ଟ͍ͷͰɼฒਐӡಈͷӡಈํఔࣜ ma = F ͱճసͷӡಈํఔ

ࣜΛΈ߹Θͤͯղ͘͜ͱʹͳΔɽ

10.2 Ϟʔϝϯτੑ׳

͜Ε·Ͱ̍ͭͷ࣭͕ճసӡಈ͢ΔέʔεΛ͕͖ͨͯ͑ߟɼ࣮ݱʹ؍ཡंͷΰϯυϥͷΑ͏ʹ͍

ͭ͘ͷମ͕Ұ੪ʹճస͢Δ͜ͱ͋Δ͠ɼϘʔϧͷΑ͏ʹ࣭ͱ͍͏ΑΓେ͖͞Λͨͬ࣋ମ

͕ճస͢Δ͜ͱ͋ΔɽͦΕΒͷճసӡಈ 1ମͷճసӡಈΛ͠߹ΘͤͨͷʹͳΓɼੑ׳Ϟʔϝϯ

τͱ͍͏ཧྔ͕ॏཁʹͳΔɽ

10.2.1 ࣭ܥͷ֯ӡಈྔͱੑ׳Ϟʔϝϯτ

͜͜Ͱ؍ཡंͷΑ͏ʹ͍͔ͭ͘ͷ࣭͕Ұ੪ʹճస͢Δ߹Λ͑ߟΔɽਤ 10.1ͷΑ͏ʹɼN ͷ࣭ݸ

͕ճస࣠ʹ͚ΒΕͯճస͍ͯ͠Δͱ͠Α͏ɽ؍ཡंͷΰϯυϥͳΒͲΕಉ࣭͡ྔͰɼಉ͡ճస

ͳ͍ͬͯΔͩΖ͏͕ɼ͜͜ͰΑΓҰൠతͳέʔεͱ࣭ͯ͠ͷ࣭ྔͦΕͧΕʹܘ m1,m2, · · · ,mN

Ͱ͋Γɼ࣭ͱճస࣠Λ݁ͼ͚͍ͭͯΔͷ͞ r1, r2, · · · , rN ͱ͢Δɽܰͯ͘৳ͼॖΈ͠ͳ͍

ͱ͢Δɽ

ͯ͞ɼܥͷճస͕࣠ z ࣠Ͱ͋Γɼxy ฏ໘ͷதͰ֯ ω =
dϕ

dt
Ͱճస͍ͯ͠Δͱ͢Δɽ͜ΕҎ߱ɼ

֯ ω ҰఆͰͳͯ͘Α͍ͷͱ͠Α͏ɽ͜Εٞʹຊ࣭తͰͳ͍͕ɼͲ͏ͤͳΒඇͳԁ

ӡಈ·ͰҰൠԽ͓͖͍͔ͯͨ͠ΒͰ͋Δɽ
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x

y

θ

m1

m2
m3

m4
· · · mN

r1

r2
r3

r4 rN

ਤ 10.1: N ɽಉ֯͡ܥΒΕͨ͛ܨͷ࣭͕ҟͳΔ͞ͷͰݸ ω =
dϕ

dt
Ͱճస͢Δɽ

࣭ 1 ӡಈྔ͕֯ͭ࣋ 1ͭͷ࣭ͷճసͷͱ͖Λߟࢀʹͯ͠

L1 =




0

0

m1r21ω



 (10.2.1)

ͱͳΔɽͲͷ࣭ಉ͡ճస࣠ʹ͍͍ͬͭͯ͘ΔͷͰɼ֯ͲΕ ω Ͱ͋Δɽ͜ΕΑΓܥશମͷ֯

ӡಈྔɼ࣭ 1ɼ2ɼ· · ·ɼN ͷΛશ෦ͯ͠

L = L1 + · · ·+L2 + · · ·+LN (10.2.2)

=




0

0

m1r21ω +m2r22ω + · · ·+mNr2Nω



 (10.2.3)

=




0

0(∑N
j=1mjr2j

)
ω



 (10.2.4)

ͱͳΔɽ͜͜Ͱ

I =
N∑

j=1

mjr
2
j (10.2.5)

ͱॻ͘͜ͱʹ͢Δͱ

L =




0

0

Iω



 (10.2.6)

ͱ͖ͬ͢Γ·ͱΊΔ͜ͱ͕Ͱ͖Δɽ͜͜Ͱಋೖͨ͠ I =
∑

mjr2j ͷ͜ͱΛੑ׳Ϟʔϝϯτ ͱݺͿɽ

ճసͷӡಈํఔࣜ͜ͷ݁ՌΛೖ͢Δͱ

dL

dt
= N ⇔ d

dt




0

0

Iω



 =




0

0

N



 (10.2.7)
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͕Θ͔Δɽ͜͜Ͱɼ͍ͯ͑ߟࠓΔΑ͏ͳճసʹඞཁͳྗ xy ฏ໘Ͱಇ͘ྗͰ͋ΓɼͦͷྗͷϞʔϝ

ϯτ z ࣠ʹฏߦͱͳΔͣͳͷͰ N  z ͷΈͭ࣋ͱͨ͠ɽ1 ࣜ (10.2.7) ͷ z ͷΈऔΓग़͢ͱ

d(Iω)

dt
= N (10.2.10)

ΛಘΔ͕ɼࠓͷέʔεͷΑ͏ʹɼੑ׳Ϟʔϝϯτ I ͕ҰఆͳΒํఔࣜ (10.2.10) Ͱ I Λඍͷ֎ʹग़͢

͜ͱ͕Ͱ͖ͯ

I
dω

dt
= N (10.2.11)

ͱͳΔɽ͜ΕճసͷӡಈํఔࣜͷҰͭͷදݱͰ͋Δɽ͜ΕΛม͢ܗΕ

dω

dt
=

N

I
(10.2.12)

ͱͳΔ͕ɼ͜ΕΛχϡʔτϯͷӡಈํఔࣜΛ v Ͱॻ͍ͨͷ

m
dv

dt
= F ⇔ dv

dt
=

F

m
(10.2.13)

ͱൺΔͱɼͦͬ͘ΓͳܗͰ͋Δ͜ͱ͕Θ͔ΔɽΑͬͯճసӡಈʹ͓͍࣭ͯྔ m ͱಉ͡ಇ͖Λ͢Δͷ͕

Ϟʔϝϯτੑ׳ I Ͱ͋Γɼ

ϞʔϝϯτɼճసӡಈͷมԽͤ͞ʹ͘͞Λද͢ੑ׳

ͱ͍͑Δɽੑ׳Ϟʔϝϯτ͕େ͖͍࣭͕͋ܥΔͱɼ࠷ॳʹࢭ·͍ͬͯͨͳΒͳ͔ͳ͔ճసͤ͞ΒΕͳ

͍͠ɼ࠷ʹٯॳ͔Βճస͍ͯͨ͠ͷͳ͔ͳ͔ࢭΊΒΕͳ͍͜ͱΛද͢ɽ࣭ྔ͕େ͖͍ͱͳ͔ͳ͔ಈ

͖ग़͞ͳ͔ͬͨΓɼ͢Ͱʹಈ͍͍ͯΔͷΛࢭΊΔͷ͕େมͰ͋Δ͜ͱʹରԠ͍ͯ͠Δɽ

10.2.2 Ϟʔϝϯτͱ֯ӡಈྔอଘଇੑ׳

ࣜ (10.2.10)ͰྗͷϞʔϝϯτ N ͕θϩͷ࣌

d(Iω)

dt
= 0 ⇔ Iω =Ұఆ (10.2.14)

ΛಘΔɽ͜Ε֯ӡಈྔอଘଇͷද͠ํͷͻͱͭͰ͋Δɽ
1xy ฏ໘ͰͷΈಇ͘ྗ͓ΑͼҐஔϕΫτϧ z Λͨ࣋ͳ͍ͨΊ

F =





Fx

Fy

0



 , r =





x

y

0



 (10.2.8)

ͱॻ͚ΔͣͰ͋ΔɽΑͬͯྗͷϞʔϝϯτ

N = r × F =





x

y

0



×





Fx

Fy

0



 =





0

0

xFy − yFx



 (10.2.9)

ͷΑ͏ʹɼz ͔ͨ࣋͠ͳ͍ɽલճͷ॓ʹ͋ͬͨ୯ৼΓࢠͷ߹ͷྗͷϞʔϝϯτಉ͡Α͏ʹͳ͍ͬͯΔͷͰ෮शͯ͠

ཉ͍͠ɽ
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͜ͷࣜΛݟΔͱɼྗͷϞʔϝϯτ͕ಇ͔ͳ͍ͱ͖ɼੑ׳Ϟʔϝϯτͱ͕֯ൺྫ͢Δ͜ͱ͕Θ͔

ΔɽϑΟΪϡΞεέʔτͷબख͕εϐϯΛ͢Δͱ͖ɼණΛऽͬͯճస࢝͠ΊͨޙͰණΛऽ͍ͬͯͳ

͍ͷʹճస͕ͲΜͲΜ͘ͳΔͷΛͨ͜ݟͱ͕͋Δਓ͍Δ͔͠Εͳ͍ɽ͋Ε֯ӡಈྔอଘଇ

͕Γཱ͍ͬͯΔ͜ͱ͔Β͘ΔݱͰ͋Δɽճస࢝͠ΊΔͱ͖ʹΛੑ׳ͯ͛ϞʔϝϯτΛେ͖͘

͠ɼͦͷޙͰΛମʹҾ͖͚ͭͯੑ׳ϞʔϝϯτΛখ͘͢͞Δͱɼ͕֯ੑ׳Ϟʔϝϯτʹൺྫ͠

ͯେ͖͘ͳΔͷͰ͋Δɽ

10.2.3 ճసͷӡಈํఔࣜͷද͠ํ

֯֯ͷؒ࣌มԽͰ͋ΔɽҰఆͷͰճస͢Δ߹ʹɼ֯ͷมԽΛ∆ϕɼมԽʹֻ͔ͬ

Λؒ࣌ͨ ∆t ͱͯ͠

ω =
∆ϕ

∆t
(10.2.15)

ͰࢉܭͰ͖Δ͕ɼҰఆͷͰͳ͍߹ʹඍΛͯͬ

ω =
dϕ

dt
(10.2.16)

Ͱఆٛ͞ΕΔɽ͜ΕΛ༻͍Δͱճసͷӡಈํఔࣜ

I
dω

dt
= N ⇔ I

d2ϕ

dt2
= N (10.2.17)

ͱॻ͚Δɽͪΐ͏Ͳ͜Ε

m
dv

dt
= F ⇔ m

d2x

dt2
= F (10.2.18)

ͱಉؔ͡Ͱ͋Δɽ͞Βʹɼ֯Ճ

α =
d2ϕ

dt2
(10.2.19)

ͱ͍͏ྔΛఆٛ͢Ε

m
d2x

dt2
= F ⇔ ma = F (10.2.20)

ͱಉ༷ʹɼճసʹ͍ͭͯ

I
d2ϕ

dt2
= N ⇔ Iα = N (10.2.21)

ͱॻ͘͜ͱͰ͖Δɽ͍ͭͰʹ͏ݴͱɼΦϦδφϧͷܗͰ͋Δ

dL

dt
= N (10.2.22)

ɼ
dp

dt
= F (10.2.23)

ͱಉ͡ܗΛ͍ͯ͠Δɽද͢ཧྔͦ͜ҧ͏͕ํఔࣜͷ͕ܗಉ͡ͳͷͰɼ͜Ε·Ͱʹֶशͨ͠ղ๏Λ׆༻

͢Δ͜ͱ͕Ͱ͖Δɽ
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10.3 ࿈ଓମͷੑ׳Ϟʔϝϯτ

࣭ͱ͕͍ͪɼେ͖͞Λͭ࣋ମͰม͕ܗͳ͍ͱۙࣅͰ͖ΔΑ͏ͳʮ͔͍ͨମʯΛ߶ମͱݺͿɽີݫ

ͳҙຯͰͷ߶ମ͕࣮ݱʹଘ͢ࡏΔΘ͚Ͱͳ͍͕ɼ߶ମͱۙͯ͠ࣅӡಈΛࢉܭͰ͖Δͷࢁ΄Ͳ͋Δɽ

߶ମͱΛͨͩͤࢠݪࢠͷΑ͏ͳ࣭ͷू߹ମͰ͋Δ͕ɼͪͨࢲͷखͷͻΒΛࡉ๔ͷू߹ମ

Ͱͳ͘ɼΒ͔ͳൽෘͱݟΔ͜ͱ͕Ͱ͖Δͷͱಉ༷ʹɼ߶ମΒ͔ͳ࿈ଓମ͕ݻ·ͬͨͷݟͳ͠

γϯϓϧͳ࿈ଓମʹ͍ͭͯɼίϯϐϡʔ͕ܗͱ͍ͬͨɼ֪ٿٿͳ͍ɽ2ಛʹԁ൘ԁபɼ͑ࢧࠩͯ͠

λʔͰ͠ࢉܭͳͯ͘ੑ׳ϞʔϝϯτΛ͢ࢉܭΔ͜ͱ͕ՄͰ͋Δɽ

ଊ͑ํ ࣭ͷू߹ମ ࿈ଓମ
ཁૉͷ࣭ྔߏ ֤࣭ mi ඍখ෦ dm = ρ(r)dV

ڑཁૉ͔Βճస࣠·Ͱͷߏ ֤࣭͔Βͷڑ ri ඍখ෦͔Βͷڑ R(r)

શ࣭ྔ M =
N∑

i=1

mi M =

∫

߶ମ
dm =

∫

߶ମ
ρ(r) dV

Ϟʔϝϯτੑ׳ I =
N∑

i=1

mir
2
i I =

∫

߶ମશମ
dm R2(r)

ɿ͜͜Ͱ ri ֤࣭ͱճస࣠ͱͷڑͰ͋Γɼ࣭ͷҐஔϕΫτϧͷେ͖͞ |ri| ͷ͜ͱͰͳ͍ͷ

ͰؾΛ͚ͭΔ͜ͱɽ

10.3.1 ͰѻΘͳ͍ʣٛߨল͘ɽࡉϞʔϝϯτʹ͍ͭͯΓཱͭఆཧʢৄੑ׳

(1) ฏ࣠ߦͷఆཧɿ I = IG +Mh2 ! IG

͜͜ͰɼIG ॏ৺पΓͷੑ׳ϞʔϝϯτɼM ߶ମͷ࣭ྔɽh ॏ৺͔Βճస࣠·ͰͷڑΛද

͢ʢਤ 10.2ʣɽ͜ͷఆཧ͔Βɼॏ৺पΓͷੑ׳Ϟʔϝϯτ͕࠷খ͍͜͞ͱ͑ݴΔɽ

!"#$%&'() *+,&'()

h

ਤ 10.2: ҙͷճస࣠पΓͷੑ׳Ϟʔϝϯτɼॏ৺पΓͷੑ׳Ϟʔϝϯτͷͱɼ࣠ؒͷڑͰࢉܭ

͢Δ͜ͱ͕Ͱ͖Δɽ

2ͪΖΜ߶ମͷૉࡐͷੑ࣭ΛௐͨΓ͢Δͱ͖ʹͦΕΛ͍ͯͬ࡞Δࢠݪࢠʹ͠ͳ͚ΕͳΒͳ͍ɽཧͱʮԿ

ΛҎͯԿΛݟΔ͔ʯͰ͋Δɽ
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(2) ബ൘ͷަ࣠ͷఆཧɿ Iz = Ix + Iy

͜͜Ͱ Ix, Iy, Iz ɼxy ฏ໘্ʹ͕ͨͬബ͍൘ͷɼx, y, z ࣠पΓͷੑ׳Ϟʔϝϯτʢਤ 10.3ʣ

z

x

y

ਤ 10.3: ബ൘ʹؔ͢Δੑ׳Ϟʔϝϯτɽx, y ࣠पΓͷੑ׳ϞʔϝϯτΛՃ͑ͨͷ͕ z࣠पΓͷੑ׳Ϟʔ

ϝϯτʹҰக͢Δɽ

10.3.2 ͍Ζ͍Ζͳ߶ମͷੑ׳ϞʔϝϯτʢٛߨͰ݁ՌͷΈѻ͏ɽূ໌࣍અҎ߱ʣ

ҎԼͷΑ͏ͳܗঢ়ͷ߶ମʹ͍ͭͯɼੑ׳ϞʔϝϯτΛ؆୯ʹٻΊΔ͜ͱ͕Ͱ͖ΔɽͲͷ߶ମ෦

ͷີۉҰͰภΓͳͲͳ͍ͷͱ͢Δɽ

(1) ࣭ྔ M , ܘ a ͷेബ͍൘ͷத৺Λ௨Γ൘ʹਨͳ࣠पΓͷੑ׳ϞʔϝϯτɿI =
1

2
Ma2ʢਤ

10.4ʣ

(2) ࣭ྔ M , ܘ a, ͞ߴ h ͷԁபͷத৺Λ௨Γԁபʹฏߦͳ࣠पΓͷੑ׳ϞʔϝϯτɿI =
1

2
Ma2ʢਤ

10.4ʣ

ʢͭ·Γ (1)ͱಉ͡ʹͳΔɽཧ༝Λͯ͑ߟΈΑʣɽ

ਤ 10.4: ԁ൘ͱԁபɽͲͪΒ࣭ྔ Mɼܘ rɽ
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(3) ࣭ྔ M , ܘ a ͷ͍ࡉԁྠͷத৺Λ௨Γԁʹਨͳ࣠पΓͷੑ׳Ϟʔϝϯτ͓Αͼ࣭ྔ Mɼܘ

a ͷബ͍ԁப֪ͷத৺Λ௨Γԁபʹฏߦͳ࣠पΓͷੑ׳ϞʔϝϯτɿI = Ma2

ԁྠͷத৺Λ௨Γɼԁͷ࡞Δฏ໘ʹԊ͏࣠पΓͷੑ׳Ϟʔϝϯτ (1) ͱಉ͡ I =
1

2
Ma2ʢਤ 10.5ʣ

ਤ 10.5: ԁྠͷத৺Λ௨Γɼԁྠͷ࡞Δฏ໘ʹਨͳճస࣠ʢࠨʣ͓Αͼԁྠͷ࡞Δฏ໘ʹԊ͏ճస࣠

ʢӈʣɽͲͪΒ࣭ྔ Mɼܘ rɽ

(4) ࣭ྔ M , ܘ a ͷٿͷத৺Λ௨Δ࣠पΓͷੑ׳ϞʔϝϯτɿI =
2

5
Ma2ʢਤ ʣࠨ10.6

(5) ࣭ྔ M , ܘ a ͷബ͍֪ٿʢத͕͔ΒͬΆͷٿʣͷத৺Λ௨Δ࣠पΓͷੑ׳ϞʔϝϯτɿI =
2

3
Ma2

ʢਤ 10.6ӈʣ

ਤ 10.6: ɽͲͪΒ࣭ྔ֪ٿͱٿ Mɼܘ rɽ

(6) ࣭ྔ M , ͞ 2a ͷ͍ࡉͷதΛ௨Γʹਨͳ࣠पΓͷੑ׳ϞʔϝϯτɿI =
1

3
Ma2ʢਤ 10.7ʣ

ਤ 10.7: ͞ 2a ͷ

(7) ࣭ྔ M , ลͷ͕͞ AB= a, AD= b Ͱ͋ΔΑ͏ͳബ͍ํܗ ABCD ͷ൘ʹ͍ͭͯɼ

a. ൘ͷத৺Λ௨Γํܗͷล ABʹฏߦͳճస࣠ʹؔ͢Δੑ׳ϞʔϝϯτɿI =
1

12
Mb2ʢਤ ʣࠨ10.8

b. ൘ͷத৺Λ௨Γɼ൘ʹਨͳճస࣠पΓͷੑ׳ϞʔϝϯτɿI =
1

12
M(a2 + b2)ʢਤ 10.8ӈʣ
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!" #"

$"%"

a

b

!" #"

$"%"

a

b

ਤ 10.8: ํܗͷੑ׳Ϟʔϝϯτ

10.3.3 ࣼ໘Λస͕Δ߶ମͷՃ

θ

x

ϕ

a

ਤ 10.9: ࣼ໘Λస͕Δ߶ମ

ਤ 10.9ͷΑ͏ʹɼ֯ θ ͷࣼ໘Λ࣭ྔ M , ܘ a ͷ߶ମ͕ΒͣʹʢεϦοϓͤͣʹʣస͕Γམͪ

Δͱ͢Δɽ͜͜Ͱ߶ମͱͯ͠ɼٿɾԁபɾ֪ٿɾԁப֪ͷ 4ͭΛ͓ͯ͑ߟΓɼͦΕΒͷੑ׳Ϟʔϝϯ

τΛ·ͱΊͯ I ͱ͓ͯ͘͠ɽॏྗՃͷେ͖͞ g ͱͯ͠ɼͦΕΒͷՃΛͯ͠ࢉܭΈΔɽ

߶ମͷӡಈํఔࣜΛཱͯΔͨΊʹɼ·ͣ߶ମʹಇ͘ྗΛ͑ߟΔɽ͜ͷ߹ɼ߶ମʹಇ͘ྗԖԼ

͖ͷॏྗ Mg ͱɼࣼ໘Լͷਨྗ߅ Nɼͦͯࣼ͠໘͔Βͷ੩ࢭຎྗࡲ F ͕͋Δɽ͜͜Ͱຎྗࡲಈຎ

Ͱ͋Δ͜ͱʹҙͯ͠΄͍͠ɽ߶ମεϦοϓɼͭ·ΓۭճΓͤͣʹճసͯ͠ྗࡲຎࢭͰͳ͘੩ྗࡲ

͍ΔͷͰࣼ໘ͱʮ͕ͬͪΓʯ͔Έ߹͍ͳ͕Βస͕͍ͬͯΔ͔ΒͰ͋Δɽ

ͯ͞ɼਨྗ߅ͱॏྗͷ͏ͪࣼ໘ʹਨͳ͕Γ߹͏͔Β

N = Mg cos θ (10.3.1)

͕ΓཱͭɽҰํɼ߶ମʢͷॏ৺ʣͷࣼ໘ํͷӡಈํఔࣜ

Mẍ = Mg sin θ − F (10.3.2)

ͱͳΔɽ͠੩ࢭຎྗࡲ F ͕ͳ͍߹ɼ߶ମస͕ΒͣʹεϦοϓ͠ͳ͕ΒΓ߱Γ͍ͯ͘͜ͱʹͳ

Δɽ͜͜Ͱ x ࣠ࣼ໘ʹԊͬͯԼ͖Λਖ਼ʹऔͬͨɽ
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͜ͷӡಈํఔࣜҎ֎ʹɼ߶ମΛճసͤ͞ΔݪҼͰ͋ΔྗͷϞʔϝϯτͷେ͖͕͞ Fa Ͱ͋Δ͜ͱɼ͓

ΑͼͦΕΛ͏ͱ͜ͷ߶ମͷճసͷӡಈํఔ͕ࣜ

Iϕ̈ = Fa (10.3.3)

Γཱͭɽ͜͜Ͱ ϕ ࠷ॳͷঢ়ଶ͔Βଌͬͨɼ߶ମͷճసΛද֯͢Ͱ͋Δɽ·ͨɼਤΑΓ߶ମ͕ࣼ

໘ʹԊͬͯਐΜͩڑ x ͱɼ߶ମͷճస֯ ϕ ͷؒʹ x = aϕ ͷ͕ؔ͋Δ͜ͱΘ͔Δɽ

͜͏ͯ͠ಘΒΕͨࣼ໘ํͷӡಈํఔࣜɾճసͷӡಈํఔ͓ࣜΑͼ xͱ ϕ ͷؔࣜΛ͏ͱ ẍ 

g,M, θ, I Λͯͬ

ẍ =
M

M + I
a2

g sin θ (10.3.4)

͕ಋ͚Δɽʢˠ॓ʣ͜ͷ݁Ռٿɾԁபɾ֪ٿɾԁப֪ͷੑ׳ϞʔϝϯτͷΛೖ͢ΕͦΕͧΕͷ

߹ͷՃ͕ٻ·Δɽ3 ·ͨɼຎ͕ࡲͳ͍߹ʹ͖ θ ͷࣼ໘ΛΔ࣭ͷՃٻΊɼൺֱ͢Δ͜

ͱՄͰ͋Δɽ

10.4 ๏ʢϑϩʔνϟʔτʣࢉܭϞʔϝϯτͷੑ׳ɿ࿈ଓମͷߟࢀ

Λۤखͱ͢Δਓଟ͍͕ɼͦΜͳʹ͍ͨͨ͜͠ͱͰͳ͍ɽΑ͏ࢉܭϞʔϝϯτͷੑ׳

ඍখ࣭ྔ dm ͱͦͷඍখ࣭ྔ͔Βճస࣠·Ͱͷڑ R(r)

ΛٻΊɼ্ͷදʹ͋Δఆٛʹैͬͯੵ͢Δ͚ͩͰ͋Δɽ ͦ͜Ͱ࣮ࡍʹ

1. ඍখ࣭ྔΛٻΊΔ

2. ճస࣠·ͰͷڑΛٻΊΔ

3. ੵ͢Δ

ͱ͍͏ 3ͭͷεςοϓʹ͚ͯઆ໌͠Α͏ɽ

Ϟʔϝϯτ͕ੑ׳Ϟʔϝϯτͷྫʹॻ͍͕ͨɼԁபͱബ͍ԁ൘ͱͰͲͪΒੑ׳3 I = 1
2Ma2 ͱͳΔɽͳͥಉ͡ͳͷ

Έͯཉ͍͠ɽͯ͑ߟ͔
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εςοϓ̍ɿඍখ࣭ྔΛٻΊΔ

ʹΘͬͨΑ͏ڭͰߍΊΑ͏ɽதֶ࢝ຊ͔Βجຊதͷج

ʢ࣭ྔʣʹʢີʣʷʢମੵʣ

Ͱ͋ΔɽࣜͰॻ͚ M Λ࣭ྔ, ρ ΛີɼV Λମੵͱͯ͠

M = ρ× V (10.4.1)

Ͱ͋Δɽͨͩ͠ମॴʹΑͬͯೱ͔ͬͨΓബ͔ͬͨΓ͢Δ͔͠Εͳ͍͔ΒɼҰൠతʹີ ρ(r)

ͱ͓͖ͯͩ͘͠Ζ͏ɽͭ·ΓҐஔϕΫτϧ r = (x, y, z) Ͱࢦఆ͞ΕΔ (x, y, z)ʢҐஔϕΫτϧͷઌ

Δͱ͜Ζʣͷີ͕͍ͯ͠ࢦ͕ ρ(r) = ρ(x, y, z) ͱ͍͏͜ͱͰ͋Δɽ

ʹ࣍ (x, y, z) ͷपลʹͱͯখ͍͞ྖҬΛͯ͑ߟɼͦͷମੵΛ dV ͱ͠Α͏ɽͦͷྖҬ͕ඇৗʹখ

͍͞ͳΒɼͦͷதͰີ΄ͱΜͲมΘΒͳ͍͔ͣͩΒɼͦͷྖҬͷ࣭ྔʮີʷମੵʯͱͯࠩ͠

ͳ͍ͩΖ͏ɽͭ·Γ͑ࢧ͠

dm = ρ(r) dV (10.4.2)

Ͱ͋Δɽ͠߶ମͷશ࣭ྔ M ΛٻΊ͚ͨΕ͜ͷྔΛ߶ମશମʹΘ্ͨͬͯ͛͠Δɼͭ·Γੵ͢

ΕΑ͘

M =

∫

߶ମશମ
dm =

∫

߶ମશମ
ρ(r) dV (10.4.3)

ͱ͢ΕΑ͍ɽͱ͜ΖͰ͜ͷࢉܭΛ͢Δͱ͖߶ମͷܗঢ়ʹΑͬͯศརͳ࠲ඪΛબͼ

• σΧϧτ࠲ඪͰ dV = dxdydz

• ඪͰ࠲ۃݩ࣍3 dV = r2 sin θdrdθdϕ

• ඪͰ࠲ԁபݩ࣍3 dV = rdrdθdz

ͷΑ͏ʹҟͳΔඍখମੵૉΛ͜͏ͱʹͳΔɽ4

͜͜Ͱҙ͠ͳ͚ΕͳΒͳ͍ͷɼ߶ମͷܗʹΑͬͯɼҧ͏ີΛ͍ͯͬΔՄੑ͕͋Δ͜ͱͰ

͋Δɽͱ͍͏ͷɼ͜͜·Ͱʮີʯͱͯ͠

ີ =୯Ґମੵ͋ͨΓͷ࣭ྔ =
࣭ྔ M

ମੵ V
(10.4.4)

Ͱఆٛ͞ΕΔମੵີΛ͖ͨͯͬɽ5 ͔͠͠ମͷܗʹΑͬͯʮ୯Ґ໘ੵ͋ͨΓͷ࣭ྔʯʮ୯Ґ

͋ͨ͞Γͷ࣭ྔʯͷํ͕ॏཁͳ͜ͱଟ͍ɽྫ͑ಋઢΛͯ͑ߟΈͯཉ͍͠ɽಋઢΛ 2m ങ͏ͱ͍͏ͷ

Θ͔Δ͕ɼಋઢΛ 2m3 ങ͏ͱ͍͏ͷ͋·Γฉ͍ͨ͜ͱ͕ͳ͍ɽͪΖΜಋઢͷஅ໘ੵ͕Θ͔͍ͬͯ

Ε͞ͱֻ͚ͯମੵग़ͤΔ͕ɼԿ͔໘ͩɽ͕ͬͪ͜ചΔଆͰͦΜͳ͜ͱΛͯͬ͘ݴΔ٬͕དྷͨΒ

ுΓ͔͢ԥΓ͔ͨ͘͢͠ͳΔɽͲͬͪͷํ͕ޮՌతʹͤΔ͔ͱ͔͘ɼಋઢͷΑ͏ͳࡉ͍

ମʹؔͯ͠ 1cm ͋ͨΓͲͷ͘Β͍ͷॏ͞ͳͷ͔ͱ͔ɼ1m ͋ͨΓ͍͘Βͳͷ͔ͱ͍ͬͨʮ୯Ґ͋͞
4ͳͥ͜͏ͳΔͷ͔ɼ͜ΕΛٻΊΔͷʹ͏ϠίϏΞϯͱԿͳͷ͔ʹ͍ͭͯཧֶͷʮॏੵʯͰհ͞ΕΔͱ͏ࢥɽ
5Λ؆୯ʹ͢ΔͨΊʹີҰఆͱ͍ͯ͠Δɽ
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ͨΓͷྔʯ͕ॏཁͳͷͩɽ͜ͷʮ୯Ґ͋ͨ͞Γͷ࣭ྔʯͷ͜ͱΛઢີͱ͍͏ɽҰ༷ͳମʢͲ͜Ͱ

ۉҰͰɼΪϡοͱ٧·͍ͬͯΔͱ͜ΖεΧεΧͷͱ͜Ζ͕ͳ͍ମʣͳΒ

ઢີ λ =୯Ґ͋ͨ͞Γͷ࣭ྔ =
࣭ྔ M

ମͷ͞ L
(10.4.5)

Ͱ͋Δɽ

ઢີʹٯ λ(x) ͕༩͑ΒΕ͍ͯͯɼ͔ͦ͜Βશ࣭ྔΛٻΊ͚ͨΕඍখ࣭ྔΛମʹԊͬͯੵ͢

ΕΑ͍ɽ͜ͷ߹ɼҐஔ x ʹ͓͚ΔઢີΛ λ(x) ͱ͢Δͱͦͷۙ͘͘͝͝ͰઢີҰఆͱݟ

ͳͤΔͩΖ͏͔Βɼͦͷۙʢx͔Β x+ dxͷลΓʣͷඍখͳ͞ dx ͷ࣭ྔ

dm = λ(x)dx (10.4.6)

ͱͳΔͣͰ͋Δɽ͜͜ͰମʹԊͬͯ x ࣠Λுͬͯ͋Δͱͨ͠ɽ͋ͱ͜ΕΛ

M =

∫ L

0
λ(x)dx (10.4.7)

ͷΑ͏ʹମʹԊͬͯੵ͢Εશ࣭ྔ͕ٻ·Δɽ͜͜Ͱମ x = 0 ͔Β x = L ·Ͱ৳ͼ͍ͯΔ

ͷͱͨ͠ɽ

ฏ͍ͬͨ൘ͷΑ͏ͳܗΛͨ͠ͷಉ༷Ͱɼ͜ͷ߹ʮ୯Ґ໘ੵ͋ͨΓͷྔʯ͕ॏཁʹͳΔɽ1m2

͋ͨΓԿ kgͳͷ͔ɼͱ͔Ͱ͋Δɽ6ʮ୯Ґ໘ੵ͋ͨΓͷ࣭ྔʯ໘ີͱ͍͍ɼҰ༷ͳମͳΒ

໘ີ σ =୯Ґ໘ੵ͋ͨΓͷ࣭ྔ =
࣭ྔ M

ମͷ໘ੵ S
(10.4.8)

ͰٻΊΔ͜ͱ͕Ͱ͖Δɽ

໘ີʹٯ σ(x, y) ͕༩͑ΒΕ͍ͯΔͳΒɼ (x, y) ʹ͓͚Δີ͕ σ(x, y) ͱ͍͏͜ͱ͕ͩɼͦͷ

ͷۙ͘͘͝ʹඍখͳྖҬΛ͑ߟɼͦͷ໘ੵΛ dS ͱ͢Εͦͷඍখ෦ͷ࣭ྔ

dm = σdS (10.4.9)

Ͱٻ·Δɽ͜ΕΛମશମʹΘͨͬͯੵ͢Εશ࣭ྔ͕

M =

∫

ମͷ໘ੵ
σdS (10.4.10)

ͷΑ͏ʹٻ·Δɽ͜͜Ͱ dS ࠲ඪ͝ͱʹҧ͍ͬͯͯɼ

• σΧϧτ࠲ඪͰ dS = dxdy

• ඪͰ࠲ۃݩ࣍2 dS = rdrdθ (rɿಈܘɼθɿ֯)

Ͱ͋Δɽ

6ฏ͍ͬͨͷͱ͑ݴώϥϝͷ୯Ґ໘ੵ͋ͨΓͷ࣭ྔͲͷ͘Β͍ͳͷͩΖ͏ɽΧϨΠͱಉ͘͡Β͍ͩΖ͏͔ɽϚϯϘ

ͰͲ͏ͩΖ͏ɽͲ͏Ͱ͍͍͕ɼϚϯϘΛਖ਼໘͔Β͍ͨݟͱ͏ࢥͷԶ͚ͩͰ͋Δ·͍ɽ
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εςοϓ̎ɿඍখ෦͔Βݻఆ࣠·ͰͷڑΛٻΊΔ

࣮͜ͷ෦͕ੑ׳ϞʔϝϯτͷࢉܭͷΩϞ͔͠Εͳ͍ɽͨݟ͚͔ͩΒ͏ݴͱੑ׳Ϟʔϝϯτͷ

͏Δ͚͔ͩͩΒ͋·Γ಄Λ͢ࢉܭͯͬैʹΔ͕ɼ͋Εଋ͑ݟॏੵͷͱ͜Ζ͕Ұ൪͘͠ࢉܭ

ඞཁ͕ͳ͍ͷͩɽͦΕʹҾ͖͑ɼ͜ͷεςοϓͷࢉܭཱମͷదͳஅ໘Λ͑ߟͳ͚ΕͳΒͣɼ

ϞʔϝϯτͳͲʣɽੑ׳Δʢྫ͑ԁபͷɼத৺Λ௨Βͳ͍Α͏ͳ࣠पΓͷ͕͢ؾΛ͔͘Α͏ͳ͕

Δ߶ମத͍ͯ͑ߟͱʹ͠Α͏ɽҎԼͰ͜͏Ұൠ͕ͳ͍ͷͰɼ۩ମྫΛʹࢉܭ೦ͳ͕Β͜ͷ

ͷҙͷΛ P ͱ͍ͯ͠ΔɽඞͣࣗͰਤΛඳ͖ͳ͕ΒಡΜͰΈΔ͜ͱɽ

ྫ 1: ࣭ྔ M , ܘ a ͷेബ͍൘ͷத৺Λ௨Γ൘ʹਨͳݻఆ࣠

→ P ͷ͔࣠Βͷڑ rɽΑͬͯ R = rɽ

ྫ 2: ࣭ྔ M , ܘ a, ͞ߴ h ͷԁபͷத৺Λ௨Γԁபʹฏߦͳݻఆ࣠

→ P ͷ͔࣠Βͷڑؔʹ͞ߴͳ͘ rɽΑͬͯ R = rɽ

ྫ 3: ࣭ྔ M , ܘ a ͷ͍ࡉԁྠͷத৺Λ௨Γԁʹਨͳݻఆ࣠

→ ԁྠͷܘ a ͰɼP વྠͷ্ɽΑͬͯ R = a

ྫ 4: ࣭ྔ M , ܘ a ͷٿͷத৺Λ௨Δݻఆ࣠

→ P(x, y, z)࠲ۃඪͰ (r sin θ cosϕ, r sin θ sinϕ, r cos θ)Ͱද͞ΕΔɽ z ࣠Λճస࣠ͱ͢Δͱʢٿ

Ͱ͋Εx, y, z࣠ͷͲΕΛճస࣠ʹͱͬͯ݁Ռ͕มΘΒͳ͍ͷ໌Β͔ʣɼͦ ͷڑ R = r sin θ.

ྫ 5: ࣭ྔ M , ܘ a ͷബ͍֪ٿʢத͕͔ΒͬΆͷٿʣͷத৺Λ௨Δݻఆ࣠

→ P ܘ a ͷٿͷද໘্ɽΑͬͯલΛͯͬR = a sin θɽ

ྫ 6: ࣭ྔ M , ͞ 2a ͷ͍ࡉͷதΛ௨Γʹਨͳݻఆ࣠

→தΛݪͱͯ͠ʹԊͬͯ x࣠ΛுΔɽ໌ Β͔ʹ࠲ඪ xʹ͋Δ Pͱճస࣠ͱͷڑ R = |x|ɽ

εςοϓ̏ɿੵ͢Δ

͜ͷεςοϓͰॏੵΛ͠ͳ͚ΕͳΒͳ͍͜ͱ͕ଟ͍ͷͰϏϏͬͯ͠·͏ਓଟ͍ͩΖ͏ɽ͔͠

͠ɼ࣮͜ͷεςοϓ͕Ұ൪ػցతͳͷͰָͳͷͰ͋Δɽੵͱ͍͏ԋࢉͦͷ͘Β͍ߴͳಓ۩ͩͱ

͍͏͜ͱͩɽϚελʔ͠ͳ͍ͳΜͯબࢶ͋Γಘͳ͍ɽ͜͜Ͱεςοϓ̎Ͱ͋͛ͨྫΛ࣮͠ࢉܭࡍ

ͯΈΑ͏ɽ

ྫ 1: ࣭ྔ M , ܘ a ͷेബ͍൘ͷத৺Λ௨Γ൘ʹਨͳ࣠पΓͷੑ׳Ϟʔϝϯτ

→ ໘ঢ়ͷ߶ମͳͷͰ໘ີΛ͑ߟΔͱ σ =
M

πa2
ɽ

ඍখ࣭ྔ͜ͷ σ Λͯͬ dm = σdS = σrdrdθʢԁܗͳͷͰ ʣɽͨͬඪΛ࠲ۃݩ࣍2
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P ͷ͔࣠Βͷڑ R = r ͳͷͰ

I =

∫
dmR2 =

∫
σrdrdθ r2 =

∫
σr3drdθ

= σ

∫ a

0
r3dr

∫ 2π

0
dθ =

M

πa2
· 1
4
a4 · 2π =

1

2
Ma2 (10.4.11)

ྫ 2: ࣭ྔ M , ܘ a, ͞ߴ h ͷԁபͷத৺Λ௨Γԁபʹฏߦͳ࣠पΓͷੑ׳Ϟʔϝϯτ

→ ঢ়ͷମͰத͕٧·͍ͬͯΔͷͰମੵີΛ͑ߟΔͱ ρ =
M

πa2h
ɽ

ඍখ࣭ྔ͜ͷ ρ Λͯͬ dm = ρdV = ρrdrdθdz ʢঢ়ͳͷͰ ʣɽͨͬඪΛ࠲ԁபݩ࣍3

P ͷ͔࣠Βͷڑؔʹ͞ߴͳ͘R = r ͳͷͰ

I =

∫
dmR2 =

∫
ρrdrdθdz r2 =

∫
ρr3drdθdz

= ρ

∫ a

0
r3dr

∫ 2π

0
dθ

∫ h

0
dz =

M

πa2h
· 1
4
a4 · 2π · h =

1

2
Ma2 (10.4.12)

ྫ 3: ࣭ྔ M , ܘ a ͷ͍ࡉԁྠͷத৺Λ௨Γԁʹਨͳ࣠पΓͷੑ׳Ϟʔϝϯτ

→ ྠঢ়ͷ Δͱ͑ߟମͳͷͰઢີΛݩ࣍1 λ =
M

2πa
ɽ

ඍখ࣭ྔ͜ͷ λ Λͯͬ dm = λdx ʢྠʹԊͬͯ x ࣠Λऔͬͨʣɽ

P ͔Β࣠·Ͱͷڑ R = a ͳͷͰ

I =

∫
dmR2 =

∫ 2πa

0
λdx a2 =

M

2πa
· 2πa · a2 = Ma2 (10.4.13)

ྫ 4: ࣭ྔ M , ܘ a ͷٿͷத৺Λ௨Δ࣠पΓͷੑ׳Ϟʔϝϯτ

→ Δͱ͑ߟΔͷͰମੵີΛ͍ͯͬ·ঢ়ͷମͰத͕٧ٿ ρ =
M

4
3πa

3
ɽ

ඍখ࣭ྔ͜ͷ ρ Λͯͬ dm = ρdV = ρr2 sin θdrdθdϕ ʢٿঢ়ͳͷͰ ʣɽͨͬඪΛ࠲ۃݩ࣍3

P ͷ͔࣠Βͷڑ R = r sin θ ͳͷͰ

I =

∫
dmR2 =

∫
ρr2 sin θdrdθdϕ(r sin θ)2 =

∫
ρr4 sin3 θdrdθdϕ

= ρ

∫ a

0
r4dr

∫ π

0
sin3 θdθ

∫ 2π

0
dϕ =

M
4
3πa

3
· 1
5
a5 · 4

3
· 2π =

2

5
Ma2 (10.4.14)

͜͜Ͱ sin 3θ = 3 sin θ − 4 sin3 θ ΑΓ

∫ π

0
sin3 θdθ =

∫ π

0

(
3

4
sin θ − 1

4
sin 3θ

)
dθ =

[
−3

4
cos θ +

1

12
cos 3θ

]π

0

= · · · = 4

3
(10.4.15)

Λͨͬɽ

ྫ 5: ࣭ྔ M , ܘ a ͷബ͍֪ٿʢத͕͔ΒͬΆͷٿʣͷத৺Λ௨Δ࣠पΓͷੑ׳Ϟʔϝϯτ

ղ͖ํͦͷ̍
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→ Δͱ͑ߟঢ়͕ͩബ͍֪͔͠ͳ͍ͷͰฏ͍ͬͨମͱಉ༷ʹ໘ີΛٿ σ =
M

4πa2
ɽ

ඍখ࣭ྔ͜ͷ σ Λͯͬ dm = σdS = σa2 sin θdθdϕ ʢٿͷද໘Λද͢ඍখ໘ੵૉΛͨͬʣɽ

P ͷ͔࣠Βͷڑ R = a sin θ ͳͷͰ

I =

∫
dmR2 =

∫
σa2 sin θdθdϕ(a sin θ)2 =

∫
ρa4 sin3 θdrdθdϕ

= ρa4dr

∫ π

0
sin3 θdθ

∫ 2π

0
dϕ =

M

4πa2
· a4 · 4

3
· 2π =

2

3
Ma2 (10.4.16)

ղ͖ํͦͷ̎

ྫ 4ͷΛԠ༻͠ɼ֎ܘ a, ܘ b ͷٿΛ͑ߟΔɽͭ·Γྫ 4ͷٿͰɼͦͷத৺͔Βܘ b

ͷٿΛ͘Γ͵͍ͨͷΛ͑ߟɼޙ࠷ʹ b → a ͷݶۃΛऔΔ࡞ઓͰ͋Δɽ͜ͷ߹ɼີ͕

ρ =
M

4
3π(a

3 − b3)
(10.4.17)

ͱͳΔ͜ͱͱɼr ͷੵൣғ͕ 0 ͔Β a Ͱͳ͘ b ͔Β a ·ͰʹͳΔ͜ͱʹؾΛ͚ͭΕΑ͍ɽ

Αͬͯ·ͣް͞ a− b ͷްΈ͕͋Δ֪ٿͷੑ׳Ϟʔϝϯτ

I =

∫
dmR2 =

∫
ρr2 sin θdrdθdϕ(r sin θ)2 =

∫
ρr4 sin3 θdrdθdϕ

= ρ

∫ a

b
r4dr

∫ π

0
sin3 θdθ

∫ 2π

0
dϕ =

M
4
3π(a

3 − b3)
· 1
5
(a5 − b5) · 4

3
· 2π (10.4.18)

=
2

5
M

a5 − b5

a3 − b3
(10.4.19)

ͱٻ·ΔͷͰɼްΈͷͳ͍֪ٿͷੑ׳Ϟʔϝϯτ

lim
b→a

2

5
M

a5 − b5

a3 − b3
= lim

b→a

2

5
M

(a− b)(a4 + a3b+ a2b2 + ab3 + b4)

(a− b)(a2 + ab+ b2)
(10.4.20)

=
2

5
M

5a4

3a2
=

2

3
Ma2. (10.4.21)

ྫ 6: ࣭ྔ M , ͞ 2a ͷ͍ࡉͷதΛ௨Γʹਨͳ࣠पΓͷੑ׳Ϟʔϝϯτ

→ ঢ়ͷ Δͱ͑ߟମͳͷͰઢີΛݩ࣍1 λ =
M

2a
ɽ

ඍখ࣭ྔ͜ͷ λ Λͯͬ dm = λdx ʢʹԊͬͯ x ࣠Λऔͬͨʣɽ

ͷதΛ x ࣠ͷݪͱ͢Δͱ P ͔Β࣠·Ͱͷڑ R = |x| ͳͷͰ

I =

∫
dmR2 =

∫ a

−a
λdx |x|2 = 2λ

∫ a

0
x2dx = 2 · M

2a
· 1
3
a3 =

1

3
Ma2. (10.4.22)

ଞʹฏ࣠ߦͷఆཧബ൘ͷަ࣠ͷఆཧΛ͏ͱ؆୯ʹٻΊΒΕΔੑ׳Ϟʔϝϯτ͋ΔɽͲͷྗ

ֶͷूʹ͍ͯͬࡌΔͷͰɼࣗͰ͍Ζ͍ΖͨͬͯΈͯ΄͍͠ɽ͍ͭͰͱͯͬݴԿ͕ͩɼͤͬ

͔͘ͷػձͳͷͰֶͷूʹ͋ΔॏੵͷʹͨͬͯΈΔͱΑ͍ͱ͏ࢥɽ


