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4.1 ఆ਺܎਺ͷ2֊ઢܗৗඍ෼ํఔࣜ

͹Ͷఆ਺ k ͷ͹Ͷʹ࣭ྔ m ͷ͓΋ΓΛৼಈͤ͞Δͱ୯ৼಈ͢Δ͕ɼͦͷӡಈํఔࣜ͸

ma = −kx (4.1.1)

ͱ͍͏ܗΛ͍ͯ͠Δɽ͜͜ʹ଎౓ʹൺྫ͢Δۭؾ఍߅ −k̃v·ͰͱΓ͍ΕΕ͹ɼӡಈํఔࣜ͸

ma = −kx− k̃v (4.1.2)

ͱͳΔͩΖ͏ɽ͜͜Ͱ a =
d2x

dt2
, v =

dx

dt
Ͱ͋Δ͜ͱΛ͍ࢥग़͢ͱɼ͜ͷӡಈํఔࣜ͸

m
d2x

dt2
= −kx− k̃

dx

dt
⇔ d2x

dt2
+

k̃

m

dx

dt
+

k

m
x = 0 (4.1.3)

ͱͳΔɽ͜ͷλΠϓͷӡಈํఔࣜ͸ࣗવքͷ༷ʑͳ৔໘ͰݟΒΕΔॏཁͳ΋ͷͰ͋Γɼղ͖ํ΋Α͘஌

ΒΕ͍ͯΔɽ

4.1.1 ඍ෼ํఔࣜͷܗ

d2x(t)

dt2
+ 3

dx(t)

dt
+ 2x(t) = 0 (4.1.4)

ͷΑ͏ʹɼҰൠతʹ p, q Λఆ਺ͱ͠ɼ

d2x(t)

dt2
+ p

dx(t)

dt
+ qx(t) = 0 (4.1.5)

ͱ͍͏λΠϓͷඍ෼ํఔࣜΛఆ਺܎਺ͷ 2֊ઢܗ੪࣍ৗඍ෼ํఔࣜͱ͍͏ɽʮ੪࣍ʯͱ͸ɼඍ෼ํఔࣜͷ

ӈลʹ t ͷؔ਺ F (t) ͕ͳ͍͜ͱΛ͢ࢦɽͭ·Γඇ੪࣍ͳΒ

d2x(t)

dt2
+ p

dx(t)

dt
+ qx(t) = F (t) (4.1.6)

ͱͳΔɽ΋ͪΖΜ F (t)͕ೖΔͱղ͘ͷ͸໘౗ʹͳͬͨΓɼF (t)ͷܗʹΑͬͯ͸खͰ͸ղ͚ͳ͍͜ͱ΋͋Γ

ಘΔɽͪ ͳΈʹྫ͑͹ৼΓࢠʹपظతͳ֎ྗΛՃ͑ͯৼ෯Λ૿෯͍ͤͯ͞Δͱ͖ͷ eom͸ F (t) = F0 sin ω̃t

ͱͨ͠΋ͷʹͳΓɼ͜Ε͸ղ͚Δྫͱͯ͠༗໊ͳʮ੍ڧৼಈʯͱݺ͹ΕΔݱ৅Ͱ͋Δɽ

ࣜ 4.1.5ͷඍ෼෦෼Λ·ͱΊͯ

Lx(t) =
(

d2

dt2
+ p

d

dt
+ q

)
x(t) = 0 (4.1.7)

ͷΑ͏ʹ L ͱ͍͏ه߸Ͱද͢͜ͱ͕͋Δɽ͜ͷ Lͷ͜ͱ͸ඍ෼ԋࢠࢉͱ͍͏ɽ
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4.1.2 ಠཱͳղͱઢ݁ܗ߹

͜ͷඍ෼ํఔࣜΛղ͘ͱಠཱͳղ͕ ΋ͷ΋·ͨɼඍ෼ํఔࣜͨ͠߹݁ܗΔ͕ɼͦΕΒΛઢ͔ͭݟ2ͭ

ͷղʹͳΔͱ͍͏ಛ௃͕͋Δɽ࣮ࡍɼ͜ͷํఔࣜͷಠཱͳղ x1(t), x2(t) ͱ͢ΔͱɼͦΕ͔ͨͬͭݟ͕

Β͸্ͷඍ෼ํఔࣜΛຬͨ͢ͷ͔ͩΒ౰વ

Lx1(t) = 0 ͔ͭ Lx2(t) = 0 (4.1.8)

Λຬͨ͢ɽ͜ΕΛ͏࢖ͱ x1(t) ͱ x2(t) ͷઢ݁ܗ߹ αx1(t) + βx2(t) ΋

L (αx1(t) + βx2(t)) = αLx1(t) + βLx2(t) = α · 0 + β · 0 = 0 (4.1.9)

ͷΑ͏ʹɼඍ෼ํఔࣜ (4.1.7)Λຬͨ͢ɽ͜͜Ͱɼα,β ͸ఆ਺ͳͷͰඍ෼ԋࢠࢉ L ͷ֎ʹग़ͤΔ͜ͱɼྫ

͑͹
d

dt
(αx1(t)) = α

dx1(t)

dt
(4.1.10)

ͳͲͷΑ͏ʹͰ͖Δ͜ͱΛͨͬ࢖ɽ

4.2 ෮शɿ୯ৼಈλΠϓͷඍ෼ํఔࣜ

ୈ 4ճͷ॓୊ʹ͋ͬͨΑ͏ʹɼ୯ৼಈλΠϓͷඍ෼ํఔࣜͷղ͸ɼΑΓҰൠతʹ͸ෳૉҰൠղͱݺ͹

ΕΔ΋ͷʹͳΔɽͦͷٻΊํ͸ఆ਺܎਺ͷ 2֊ઢܗৗඍ෼ํఔࣜΛղ͘ํ๏ͱಉ͡ͳͷͰɼ॓୊ͷղઆ

Λ݉Ͷͯ͜͜Ͱྫͱ্ͯ͛͠ΔɽҎԼͰ͸ ω ͸࣮਺Ͱ͋Δ͜ͱΛ҉ʹԾఆ͢Δɽͳ͓ɼඍ෼ํఔࣜΛղ

্͘Ͱ͸͜ͷԾఆ͸ඞཁͳ͍͕ɼ୯ৼಈʹ࿩ΛݶΔ෼ʹ͸ ω ͸࣮਺͔͠ݱΕͳ͍ɽ

4.2.1 ୯ৼಈλΠϓͷඍ෼ํఔࣜͷෳૉҰൠղ

·ͣ୯ৼಈλΠϓͷඍ෼ํఔࣜ
d2x(t)

dt2
+ ω2x(t) = 0 (4.2.1)

ͷղ͕ɼఆ਺ λ Λͯͬ࢖

x(t) = eλt (4.2.2)

ͱॻ͚ΔͷͰ͸ͳ͍͔ͱԾఆ͢Δʢ͜͏͍ͬͨ͏·͍Ծఆͷஔ͖ํʹ͸ఆੴ͕ͳ͍ͷͰɼ࢒೦ͳ͕Β֮

͓͔͑ͯ͘͠ͳ͍ʣɽ͜ͷԾఆͨ͠ղ͕ඍ෼ํఔࣜ (4.2.1) Λຬͨ͢ͳΒɼ୅ೖͯ͠౳߸͕੒Γཱͭ͸ͣ

͔ͩΒ
d2x(t)

dt2
+ ω2x(t) = λ2eλt + ω2eλt = (λ2 + ω2)eλt = 0 (4.2.3)

͕೚ҙͷ࣌ࠁ t Ͱ੒ཱ͠ͳ͚Ε͹ͳΒͳ͍ɽ͜ΕΑΓ

λ2 + ω2 = 0 ⇒ λ = ±iω (4.2.4)
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Ͱ͋Δɽ͜͏ͯ͠

eiωt, e−iωt (4.2.5)

ͷೋ͕ͭղʹͳ͍ͬͯΔ͜ͱ͕Θ͔Δɽ͜͜Ͱ λ ͷࣜ λ2 + ω2 = 0 Λಛੑํఔࣜͱ͍͏ɽ

͜ΕΒೋͭͷղ͕Θ͔Δͱɼ࣮͸͜ΕΒͷઢ݁ܗ߹ʢҰ࣍݁߹ʣ΋ղʹͳ͍ͬͯΔ͜ͱ͕Θ͔Δɽ

,ɼαࡍ࣮ β Λ೚ҙͷෳૉ਺ͱͯ͠

x(t) = αeiωt + βe−iωt (4.2.6)

Λ 2ճඍ෼ͯ͠ΈΔͱ

d2x(t)

dt2
=

d2

dt2
(
αeiωt + βe−iωt

)
(4.2.7)

= α
d2

dt2
(
eiωt
)
+ β

d2

dt2
(
e−iωt

)
(4.2.8)

= α(−ω2eiωt) + β(−ω2e−iωt) = −ω2
(
αeiωt + βe−iωt

)
(4.2.9)

ͱͳΓɼ୯ৼಈλΠϓͷඍ෼ํఔࣜΛຬ͍ͨͯ͠Δ͜ͱ͸͙͢ʹ͔֬ΊΒΕΔɽ

͜ͷղ͸ α,β ͕ෳૉ਺ͳͷͰෳૉҰൠղͱ͍͏͕ɼઌʹ΍࣮ͬͨҰൠղ͸ɼෳૉҰൠղʹؚ·Ε͍ͯ

ΔɽͳͥͳΒΦΠϥʔͷࣜ

eiθ = cos θ + i sin θ (4.2.10)

Λ͑࢖͹

x(t) = αeiωt + βe−iωt (4.2.11)

= α(cosωt+ i sinωt) + β(cosωt− i sinωt) (4.2.12)

= i(α− β) sinωt+ (α+ β) cosωt (4.2.13)

ͱͳΔ͔Β,1

i(α− β), α+ β (4.2.14)

ͷೋ͕࣮ͭ਺ͳΒɼ͜Ε͸࣮Ұൠղͦͷ΋ͷͰ͋Δɽ

ͳ͓ɼ͜ΕΒ͕࣮਺Ͱ͋ΔͨΊʹ͸ α ͱ β ໾Ͱ͋Ε͹Α͍ɽͭ·Γڞෳૉʹ͍ޓ͕ a, b Λ࣮਺ͱͯ͠

α = a+ bi, β = a− bi ⇒ i(α− β) = −2b, α+ β = 2a (4.2.15)

ͱͳΔ͔ΒͰ͋Δɽ࣮ҰൠղͰ͸͜ͷ a, b Λ C = −2b, D = 2a Λຬͨ͢ C,D Ͱද͍ͯͨ͠Θ͚Ͱ

͋Δɽ

୯ৼಈͷΑ͏ͳɼ͜ىʹ࣮ݱΔݱ৅ͷ৔߹͸Ґஔ΍଎౓ͱ͍ͬͨ෺ཧྔ͸΋ͪΖΜ࣮਺ʹͳΔɽͦͷ

ͨΊ࠷ऴతʹ͸࣮਺ղͷΈ͕࢒Δ͕ɼෳૉ਺ʹ֦ு͢Δ͜ͱͰࢦ਺ؔ਺Λ׆༻͢Δ͜ͱ͕Ͱ͖ɼ໰୊͕

ղ͖қ͘ͳΔ͜ͱ͕Α͋͘Δɽಛʹిֶ࣓ؾͳͲͰ͸ͦ͏ͨ͠ํࢉܭ๏Λ༻͍Δɽ·ͨɼϛΫϩͷੈք

Λѻ͏ͨΊͷཧ࿦Ͱ͋ΔྔֶྗࢠͰ͸ɼ؍ଌྔ͸࣮਺͕ͩɼͦΕΛ͢ࢉܭΔͨΊʹඞཁͱͳΔ೾ಈؔ਺

ͱ͍͏ྔ͸ෳૉ਺ͷൣғͰ͑ߟΔඞཁ͕͋Δɽ͜͏͍ͬͨཧ༝͔Βɼෳૉ਺Ͱ͢ࢉܭΔ͜ͱʹ΋׳Εͯ

͓͍ͨํ͕Α͍ɽ
1e−iωt = cos(−ωt) + i sin(−ωt) = cosωt− i sinωt (∵ sin(−θ) = − sin θ, cos(−θ) = cos θ)
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ྫ୊ 2.1.1ɿ୯ৼಈλΠϓͷඍ෼ํఔࣜͷෳૉҰൠղ

ҎԼͷඍ෼ํఔࣜͷෳૉҰൠղΛٻΊΑɽ

(1)
d2x

dt2
= −16x

ʢུղɿx(t) = αe4it + βe−4it (α,β͸೚ҙͷෳૉ਺)ʣ

(2)
dp

dt
= −kx,

dx

dt
=

p

m
(x(t)ͷෳૉҰൠղΛٻΊΑɽk,m͸࣮਺ͷఆ਺Ͱ͋Δɽ)

ʢུղɿx(t) = αei
√

k/m t + βe−i
√

k/m t (α,β͸೚ҙͷෳૉ਺)ʣ

4.3 Ԡ༻ɿݮਰৼಈ

͜͜·Ͱͷ୯ৼಈͷ໰୊Ͱ͸ຎࡲΛແ͍ͯ͠ࢹΔͷͰɼ͋·Γ࣮ݱͰ͸ͳ͍ɽຎࡲʹ΋͍ΖΜͳछྨ

͕͋Δ͕ɼ͜͜Ͱ͸Ұ൪ѻ͍қ͍ۭؾ఍͔߅Β͘Δຎ͕ࡲೖͬͨ৔߹ͷ୯ৼಈʹ͍ͭͯ͑ߟΔɽམମͷ

໰୊Ͱ΍ͬͨΑ͏ʹɼͦͷ৔߹͸ຎ͕ྗࡲ଎౓ʹൺྫ͢ΔɽΑͬͯӡಈํఔࣜ͸

ma = −kx− k̃v (k̃͸ਖ਼ͷఆ਺) (4.3.1)

ͱͳΔɽࠨล΁શͯҠ߲ͯ͠ॻ͖௚͢ͱ͜ͷࣜ͸

d2x(t)

dt2
+ 2γ

dx(t)

dt
+ ω2x(t) = 0

(
k̃

m
= 2γ,

k

m
= ω2ͱ͓͍ͨ

)
(4.3.2)

ͱͳΔɽ͜Ε͸લઅͷޙ࠷ʹ঺հͨ͠

d2x(t)

dt2
+ p

dx(t)

dt
+ qx(t) = 0 (4.3.3)

ͱ͍͏λΠϓͳͷͰఆ਺܎਺ͷ੪࣍ 2֊ઢܗৗඍ෼ํఔࣜͰ͋ΔɽҎԼͰ͸ 2γ
dx(t)

dt
ͷ߲Λຎ߲ࡲͱݺ

Ϳ͜ͱʹ͢Δɽ৔߹෼͚Λ͠ͳ͕ΒҰൠతͳղʹ͍ͭͯઆ໌͢Δ͕ɼશͯͷ৔߹ʹ͍ͭͯཧղ͢Δඞཁ

͸ͳ͍ɽશһʹඞͣϚελʔͯ͠ཉ͍͠ͷ͸ɼ

• γ = 0 Ͱɼຎࡲͷͳ͍୯ৼಈʹؼண͢Δ৔߹ʢ͢ͰʹֶशࡁΈʣ

• γ > 0 ͔ͭ γ2 − ω2 < 0 Ͱɼݮਰ͠ͳ͕Βৼಈ͢Δ৔߹

ͷ̎ͭͰ͋Δɽ
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4.3.1 ຎ߲ࡲೖΓͷ୯ৼಈλΠϓͷඍ෼ํఔࣜͷղ͖ํ

(4.3.2) Λղ͘ͱ͖΋ɼղΛ eλt ͱԾఆ͢Ε͹Α͍ɽ͜ΕΛ୅ೖͯ͠ΈΔͱ

d

dt
(eλt) = λeλt,

d2

dt2
(eλt) = λ2eλt (4.3.4)

ͳͷͰ
d2x(t)

dt2
+ 2γ

dx(t)

dt
+ ω2x(t) =

(
λ2 + 2γλ+ ω2

)
eλt = 0 (4.3.5)

͔Βಛੑํఔࣜ

λ2 + 2γλ+ ω2 = 0 (4.3.6)

ΛಘΔɽ2࣍ํఔࣜͷղͷެࣜΛ͑࢖͹͜ͷ λ ͸

λ = −γ ±
√
γ2 − ω2 (4.3.7)

ͷΑ͏ʹٻ·ΔɽΑͬͯಠཱͳղͱͯ͠

e(−γ+
√

γ2−ω2)t, e(−γ−
√

γ2−ω2)t, (4.3.8)

ΛಘΔ͕ɼ͜ͷղͷৼ෣͍͸ γ ͷਖ਼ෛͱɼγ2 − ω2 ͷ஋ʹΑͬͯશ͘ҟͳΔͷͰҎԼͰ৔߹෼͚ͯ͠ߟ

͑Δɽ

γ ͷ෺ཧత໾ׂ

·ͣ γ ʹ͍ͭͯ৔߹෼͚ͯ͑͠ߟΑ͏ɽ

(1) γ ͕ਖ਼ͷͱ͖

ೖͬͨ৔߹ͳͷͰ͕ࡲΔͷ͸୯ৼಈʹຎ͍ͯ͑ߟࠓ γ =
k̃

2m
> 0 Ͱ͋Γɼ͜ͷέʔεʹ౰ͨΔɽ͜

ͷͱ͖ղʹ͋Δ e−γt ͱ͍͏෦෼͸

e−γt → 0 (t → ∞ͷͱ͖) (4.3.9)

ͳͷͰɼ͕࣌ؒͨͭʹͭΕͯղͷ஋Λࢦ਺ؔ਺తʹখ͘͢͞ΔޮՌΛ୲͍ͬͯΔɽ͜Ε͸ຎྗࡲʹ

Αͬͯৼಈ͕ݮਰ͠ɼ΍͕ͯࢭ·ͬͯ͠·͏ঢ়گΛද͍ͯ͠Δɽ

(2) γ ͕ෛͷͱ͖

ΔέʔεͰ͸͍ͯ͑ߟࠓ γ < 0 ͱ͍͏͜ͱ͸ͳ͍͕ɼ਺ֶతʹ͸͋ΓಘΔͷͰɼ͜ͷέʔε΋͑ߟ

ͯΈΔͱ

−γ = − k̃

2m
> 0 (4.3.10)

͔ͩΒ

e−γt → ∞ (t → ∞ͷͱ͖) (4.3.11)
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ͱͳͬͯɼ࣌ؒͱͱ΋ʹղ͕ൃͯ͠͠ࢄ·͏͜ͱ͕Θ͔Δɽ্Ͱड़΂ͨΑ͏ʹຎ͕ྗࡲಇ͘ͱ͖͸

γ > 0 ͳͷͰɼ͜ͷέʔεʹͳΔΑ͏ͳ͜ͱ͸͑ߟͳͯ͘Α͍ɽ2

(3) γ = 0 ͷͱ͖

͜ͷͱ͖ɼ࠷ॳͷ (4.3.2) ʹ໭Δͱ

d2x(t)

dt2
+ ω2x(t) = 0 (4.3.12)

ͱͳͬͯɼ͜Ε͸୯ৼಈλΠϓͷඍ෼ํఔࣜʹͳΔɽΑͬͯղ͖ํ͸ෳૉҰൠղͷٻΊํͰͰઆ໌

ͨ͠௨ΓͰ͋Δɽ3

√
γ2 − ω2 ͷ෺ཧత໾ׂ

ઌʹड़΂ͨΑ͏ʹɼ෺ཧతʹ͸ γ > 0 ͷέʔε͕ຎྗࡲͷಇ͘৔߹ʹରԠ͢ΔͷͰɼҎ߱͸ͣͬͱ

γ > 0 ͩͱ͢Δɽͦͷ্Ͱ
√

γ2 − ω2 Α͏ɽϧʔτͷத਎͕ਖ਼ɼෛɼθϩͷͲΕΛऔΔ͔͑ߟ͍ͯͭʹ

Ͱ࣮਺ɼ७ڏ਺ɼθϩͷ 3௨ΓΛऔΓ͏ΔͷͰɼղͷৼ෣͍͕มΘͬͯ͘Δɽ

(1) γ2 − ω2 ͕ෛͷͱ͖

͜Ε͸ γ < ω ͱ͍͏ͱ͖ʹ͜ىΔͷͰɼ఍͕ྗ߅ऑ͍৔߹ʹ౰ͨΔɽ͜ͷͱ͖

√
γ2 − ω2 =

√
−(ω2 − γ2) = iΩ (Ω =

√
ω2 − γ2, Ω͸࣮਺) (4.3.14)

ͱ͍͏࣮਺ Ω Λಋೖ͢ΔͱɼಛੑํఔࣜΛղ͍ͯಘΒΕ͍ͯͨղ͸

e(−γ+iΩ)t, e(−γ−iΩ)t, (4.3.15)

ͷೋͭͱ͍͏͜ͱʹͳΔͷͰɼ͜ΕΒΛઢ݁ܗ߹ͯ͠ʢෳૉʣҰൠղ͸

x(t) = αe(−γ+iΩ)t + βe(−γ−iΩ)t (α,β͸೚ҙͷෳૉ਺) (4.3.16)

= e−γt
(
αeiΩt + βe−iΩt

)
(4.3.17)

ͱͳΔɽ࣮ҰൠղͳΒ

x(t) = e−γt (C sinΩt+D cosΩt) (4.3.18)

= Ae−γt sin(Ωt+ δ) (4.3.19)

2΋͠ྫΛ͍ࢥ෇͍ͨਓ͕͍ͨΒͯ͑ڭཉ͍͠ɽ
3ͨͩ͠ ω2 ͕ෛʹͳΔέʔεɼͭ·Γ ω ͕७ڏ਺ʹͳΔέʔε͸·ͩѻ͍ͬͯͳ͍ɽ͜ͷͱ͖͸ κ Λ࣮਺ͱͯ͠ ω2 = −κ2

ͱ͓͘ͱ
d2x(t)
dt2

+ qx(t) =
d2x(t)
dt2

− κ2x(t) = 0 (4.3.13)

ͳͷͰೋͭͷಠཱͳղ eκt, e−κt Δɽ࣮Ұൠղ͸͔ͭݟ͙͕͢ x(t) = Ceκt +De−κt ͷΑ͏ʹࢦ਺ؔ਺ͷઢ݁ܗ߹ͱͳΔɽ͜

Ε͸ྔֶྗࢠͰ͸Α͘ݱΕΔղͳͷͰʢྫ͑͹τϯωϧޮՌʣɼಛʹ෺ཧՊͷֶੜͳΒ஌͓͍ͬͯͯଛ͸ͳ͍ɽ
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1.0

ਤ 4.1: ਰৼಈɽྫͱͯ͠ݮ e−t/10 cos t Λ t = 0͔Β t = 8π ·Ͱϓϩοτͨ͠ɽ

ͱͳΔɽ(4.3.19) ΛݟΔͱΘ͔Γ΍͍͕͢ɼ͜Ε͸ sin ؔ਺ͷৼ෯෦෼ʹ e−γt ͕͍ͭͨղͰ͋Δɽ

͜ͷ߲ͷޮՌʹΑͬͯৼ෯͕࣌ؒͱͱ΋ʹখ͘͞ͳ͍ͬͯ͘ɽͭ·Γਤ 1ͷΑ͏ʹ୯ৼಈతʹपظ

ӡಈΛ͠ͳ͕ΒɼͩΜͩΜͦͷৼ෯͕খ͘͞ͳͬͯɼ΍͕ͯࢭ·ͬͯ͠·͏͜ͱΛද͢ɽ΋ͪΖΜ

͜Ε͸ຎࡲͷޮՌͰ͋Δɽ͜ͷλΠϓͷৼಈΛݮਰৼಈͱ͍͏ɽ

ྫ୊ 3.1.1ɿݮਰৼಈʹͳΔλΠϓͷඍ෼ํఔࣜఆ਺܎਺ͷ 2֊ৗඍ෼ํఔࣜ

ẍ(t) + 2ẋ(t) + 10x(t) = 0

Λղ͍࣮ͯҰൠղΛٻΊΑɽ·ͨॳظ৚݅ x(0) = 0, ẋ(0) = 6ʹ߹͏ղΛٻΊɼx− t ά

ϥϑͷ֓ܗΛॻ͚ɽ

ʢུղɿ࣮Ұൠղ͸ x(t) = e−t(C cos 3t+D sin 3t)ɼ·ͨ͸ x(t) = Ae−t sin(3t+α)ɽॳ

৚݅ʹ߹͏ղ͸ظ x(t) = 2e−t sin 3tɽάϥϑ͸লུ͢Δʣ

(2) γ2 − ω2 ͕ਖ਼ͷͱ͖

͜Ε͸ γ > ω Λҙຯ͢ΔͷͰɼ఍͍ڧ͕ྗ߅৔߹ʹ౰ͨΔɽ͜ͷͱ͖ಛੑํఔࣜͷղʹ͍ͭͯ

γ ±
√
γ2 − ω2 = γ±(> 0) (4.3.20)

ͱ͍͏ਖ਼ͷ਺ γ± Λఆٛ͢ΔͱෳૉҰൠղ͸ α,β Λ೚ҙͷෳૉ਺ͱͯ͠

x(t) = αe−γ+t + βe−γ−t (4.3.21)

ͱॻ͚Δɽ࣮Ұൠղ͸ C,D Λ೚ҙͷ࣮਺ͱͯ͠

x(t) = Ce−γ+t +De−γ−t (4.3.22)
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γ± ͸ͲͪΒ΋ਖ਼ͳͷͰɼղ͸ඞͣ࣌ؒͱͱ΋ʹθϩʹऩଋ͍ͯ͘͠ɽ͜Ε͸ຎͯ͗͢ڧ͕ྗࡲৼ

ಈͤͣʹࢭ·ͬͯ͠·͏ঢ়ଶʹͳ͍ͬͯΔͱ͑ߟΒΕΔɽ͜ͷঢ়ଶͷ͜ͱΛաݮਰͱ͍͏ɽ

(3) γ2 − ω2 ͕θϩͷͱ͖

͜Ε͸ಛੑํఔ͕ࣜॏղ e−γt ͔࣋ͨ͠ͳ͍͜ͱΛҙຯ͢ΔɽΑͬͯಠཱͳղ͕͔̍ͭ͠ͳ͍͜ͱ

ʹͳΔ͕ɼ͍ͯ͑ߟࠓΔํఔࣜ (4.3.2) ͕ 2֊ͷඍ෼ํఔࣜͰ͋Δ͜ͱͱໃ६͢ΔɽͳͥͳΒɼ2֊

ͷඍ෼ํఔࣜ͸ੵ෼ఆ਺Λඞͣ 2ͭ࣋ͭ͸͔ͣͩΒɼͦΕʹରԠͯ͠ಠཱͳղ΋ 2ͭ͋Δ͸͔ͣͩ

ΒͰ͋Δɽͦ͜Ͱ͜ͷ৔߹͸ಠཱͳղΛผͷํ๏Ͱ୳͞ͳ͚Ε͹ͳΒͳ͍ɽ

۩ମతʹ͸ɼ·ͨ΋Ծఆͱͯ͠ղΛ

x(t) = u(t)e−γt (4.3.23)

ͱஔ͍ͯΈͯํఔࣜ (4.3.2) ୅ೖͯ͠ΈΔɽ͢Δͱʹ͠ࢼʹ
du

dt
= u′(t) ͱͯ͠

d

dt

(
u(t)e−γt

)
=
(
u′(t)− γu(t)

)
e−γt, (4.3.24)

d2

dt2
(
u(t)e−γt

)
=
(
u′′(t)− 2γu′(t) + γ2u(t)

)
e−γt (4.3.25)

ΑΓ

d2x(t)

dt2
+ 2γ

dx(t)

dt
+ ω2x(t) =

{
u′′(t)− 2γu′(t) + γ2u(t) + 2γ

(
u′(t)− γu(t)

)
+ ω2u(t)

}
e−γt

=
{
u′′(t) + (−γ2 + ω2)u(t)

}
e−γt

= u′′(t)e−γt = 0 (4.3.26)

ΛಘΔʢͳͥͳΒࠓ͸ γ2 = ω2 ͱ͍͏৔߹Λ͍ͯ͑ߟΔʣɽΑͬͯ

u′′(t) = 0 ⇒ u(t) = αt+ β (α,β͸೚ҙͷෳૉ਺) (4.3.27)

ͷΑ͏ʹ u(t) ͕ܾ·Δ͜ͱ͕Θ͔Δ͔ΒɼෳૉҰൠղ͸

x(t) = (αt+ β)e−γt, (4.3.28)

࣮Ұൠղ͸

x(t) = (at+ b)e−γt (a, b͸೚ҙͷ࣮਺) (4.3.29)

ͱͳΔɽ

͜ͷ৔߹΋໌Β͔ʹ t → ∞ ͷݶۃͰৼಈ͕θϩʹۙͮ͘ɽݮਰৼಈͱաݮਰͷͪΐ͏Ͳڥ໨ͷঢ়

ଶͰ͋Δ͜ͱ͔Βɼ͜ͷঢ়ଶ͸ྟքݮਰ·ͨ͸ྟք੍ಈͱ͍͏ɽݮਰৼಈ͓Αͼաݮਰͱൺ΂ͯ͜

ͷྟքݮਰ͕Ұ൪ૣ͘ݮਰ͢ΔͷͰɼंͷαεϖϯγϣϯ΍ݦඍڸͷআৼ୆ͷΑ͏ͳɼৼಈΛऔΓ

আͨ͘Ίͷ૷ஔʹԠ༻͞Ε͍ͯΔɽͭ·Γɼຎྗࡲʹؔ࿈͢Δ܎਺ γ Λ͏·͘ௐ੔ͯ͠ɼ૷ஔʹֻ

͔Δৼಈͷ֯ৼಈ਺ ω ʹ౳͘͠ͳΔΑ͏ʹ͢ΔͷͰ͋Δɽ


